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Introduction

Consider a Seedback control system. Let G|s) be
the Sorward-loop transjer junction and let
H(s) be the Seedback transSer Sunction. The
Nyquist plot is o parametric plot of the
Sreguency response Sunction Gl jw)H(jw) of the
open-Loop trans§er Sunction G(s)H(s).

The Nyquist criterion allows us to gain insight
about closed.-loop stability §rom the open-loop
Sregquency response (Nyquist and Bode plots) and
open-Loop pole Location. Additionally, insight
into transient response and steady-state error
response characteristics can be determined
Srom Nyguist plots. In this sense, the Nygquist
plot is analogous to the root-locus plot.

A description of the Nyguist criterion

A rigorous derivation of the Nyquist criterion is
beyond the scope of this work. However, a
motivating description is included. Be§ore we
begin, please review complex Sunctions, as
described in Appendix A.OL.

The Sull Nyquist plot is the mapping of a
contour Ty that contains the right-hal§ plane
and s defined as beginning at the origin,
moving vertically along the jw-axis “to
inSinity” encircling the right-halj-plane with a
semicircle “to negative in§inity” and returning
vertically to the origin as shown in

Fig. nygquist.l.

Nygquist plot

Nyquist criterion
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Figure nygquist.l: contour Iy to be mapped by transjer
Sunction.
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The Nyguist plot is now defined, but what
remains is describing the Nyquist criterion and
why it works. There are several important

insights required to understand it.

encirclements of the origin give us a clue 1t
turns out that whenever we map I with o
trans§er Sunction F, we §ind out a
relationship between the number of poles P
inside T\, the number of zeros Z inside Ty,
and the number of§ counterclockwise
encirclements N 0§ the origin by the
contour F(Iy). The primary insight is that
when a pole or zero is encircled by I, it
contributes an entire £27 in phase
around the contour, whereas when a. pole
or Zero s not encircled by I, its net
contribution to phase is zero. This yields
the Sollowing relationship:

N=P-Z.

the open-Loop trans§er Sunction mapplng is close to what we want
We know the poles and zeros of the
open-Loop transfer Sunction Gls)H(s). We
want to know injormaon about the
closed.-loop pole Locations. The
closed.-Loop transfer junction (without
compensagion) s
Gls)
" 1+ ClsHs)

Let's rewrite Gls) and Hls) in terms of

T(s)

numerators and denominators, as jollows:

B Gn(s) _ Hn(s)
B Gd(S) - Hd(S)

Let's see what our closed.-loop transSer

Gls) ond H(s)

Sunction looks Like now:

Gn(s)Hd(s)
GalsiHg(s) + Gnls)Hnls)

Tl(s) =
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Finally, Let’s consider the denominator

£g. 2 Sor a moment:

G (slHy(s) + Gnls)Hn(s)

L+ Clslls) = =57 alsHy(s)

which, combined with £4. 3 and Eg. 4,
allows us to see two important

obervagions:

1. the poles of 1+ GlsH(s) equal the
poles 0f G(s)H(s) and

2. the zeros of 1+ G(s)H(s) equal the
poles of T(s).

We are so close! We know the poles of
Gls)H(s), there§ore we know the poles of
1+ C(s)H(s). We want to know the poles of
T(s), which are related to the zeros of
1+ Cls)H(s), which we don't have, but we
have something related: the open Loop
transSer Sunction mapping G(I\H(T).

a sidestep Sor all the money What (5 we
Just map with the open-loop transjer
Sunction GIRYHY)? That gives us almost
exactly the same image as 1+ G H(TY), but
shi§ted one unit to the le§t. This means
that 15 we plot G(IH(y) and interpret
it as 1+ G(NYHT). we can determine
stability of the closed Loop transSer
Sunctionl Let’s rede§ine our N-P-Z
relationships Sor the mapping G H(T):

L Let N be the number of§
counterclockwise encirclements of -1.

Q. Let P be the number 0§ open-loop
poles in the right-halj plane.

3. Let Z be the number of closed.-Loop
poles in the right-halj plane.

15 we have a plot of G(MH(N), we have
the §irst two and the third is given by
the Nygquist criterion:

Z=P-N.
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We will use this to determine stability in

Lec. Sregnystab. However, even now, we know
that the existence of right-halj-plane
closed.-Lloop poles implies closed.-Loop
instability, so we can already identijy that
much. Bejore exploring stability Surther, we will
learn to sketch the Nygquist plot. Not because
we don't have MATLAB, but rather to gain
intuition.

Sketching Nyguist plots

We now begin sketching Nyguist plots. Remember
that we are §irst-o§-all interested in the
number of counterclockwise encirclements of -1,
which will help us determine stability via the
Nyguist criterion. We proceed by example.

Example §req.nyquist-1

Let an open-Loop transjer Sunction be defined
by
30

G(S)H(s) = m

Sketch its Nygquist plot and apply the Nygquist

criterion to determine the number of closed.-
Loop poles in the right-halj plane.

Let’s sketch the contour Ty in Fig. nyguist.2.

So the magnitude and phase of the mapped

contour are

re: a stable open-Loop system
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Figure nyquist.2:
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E\n/e begin at point A and map the orange
contour, which is the positive jw-axis. At
A 6y = 03 = 0, so ZGAHA) = O, and Ly = 4
and Ly = 7. so |GAHA)| = 30/28 ~ 107. In
the Fig. nyquist3, we sketch G(MHM) with
point A" = G(AH(A). As we move to B on the Tm
orange contour, the angle becomes increasingly
negative and the magnitude decreases. Finally,
at C the angle approaches -180deg and the
magnitude approaches 0. Note that in the

NP,
Fy

sketch we dont go quite to Zero because we X
) 30

want to leave space to represent what occurs ==z.0F

at zero.

.

What occurs at zero is that the green contour Flgure nyquist.3:
“at in§inity” s mapped. The angle changes
Srom +130deg to -130deg and the magnitude
stays at 0. We sketch this by showing a 360 deg
rotation back to +180deg = -130deg at C.
This doesn't always happen. Sometimes the
angle with which the origin is approached
s different than the angle with which it
leaves. In this case, the blue contour exits
at 180 deg with increasing amplitude, only to
“mirror” the orange contour’s return to A'.
This does always occur: The Nyquist plot is
always symmetric about the real axis and the
Jw-axis image s essentially a mirroring of the

-Jw-axis image.

Examining the Nyquist plot sketch, there are no
counterclockwise encirclements of -1, i.e. N = 0.
The open-loop transjer Sunction has no poles in
. the right-halj-plane, te. P = 0. Therejore, Srom

* the Nyguist criterion,
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So there are no closed.-loop in the right-halj-
plane and the closed.-loop system is stable.

What i§ there’s an open-loop pole on the
contour T? The magnitude of the contour
G(MYH(TY) becomes infinite, but we cannot
determine at which phase it does so. Therejore,
in these cases we take an inSinitesimal detour
around the pole so that we can keep track of
the phase. The magnitude still approaches
iNSinity, but the phase information is retained.
Let's consider another example that
illustrates this.

Example Sreq.nyquist-2

Let an open-Loop transjer Sunction be defined
by

) 10(s + 1)

Gls)H(s) 3.

Sketch tts Nyguist plot and apply the Nyquist
criterion to determine the number of closed.-
Loop poles in the right-halj plane.

Let’s sketch the contour Ty in Fig. nyquist.4.

So the magnitude and phase of the mapped

° contour are

re: a system with open-Loop poles on the Nyquist
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Figure nyquist.4:
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We begin at point A and map the orange
contour, which is the positive jw-axis. At
A 08 = 0 and 85 = -85 so ZGAHA) = O
and Ly = Ly = Ly = L so |GAHIA)| = 10. In
Flg. nygquist.5, we sketch G(MHTY) with point
N = GAHA). As we move to B on the orange
contour, 01 — +45deg and still 05 = -0,
so ZGAHA) — +45deg. But the magnitude
approaches infinity because Ly — 0. The
in§initesimal detour §rom B to C doesnt
change the magnitude, but it does change
the phase by -130 deg. Finally, Srom C to D the
only angle that changes is 81 by +43 deg, which
ytelds ZG(AHA) — -0deg as the magnitude
approaches zero due to the denominator of
the magnitude approaching infinity Saster
than the numerator. What occurs at zero is
that the green contour “at infinity” is mapped.
The angle changes Srom -0 deg to +30 deg and
the magnitude stays at 0. We sketch this by
showing a 130deg rotaton back to +10deg
at C'.The blue contour exits at +40deg with
increasing amplitude, only to “mirror” the

> !/
orange contour’s return to A’

Examining the Nygquist plot sketch, there are no
counterclockwise encirclements of -1, ie. N = 0.
The open-Loop trans§er Sunction has no poles in
the right-hals-plane, ie. P = 0. ThereSore, Srom
the Nyquist criterion,

Figure nyquist.d:
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550 there are no closed.-loop in the right-halj-
| plane and the closed.-loop system is stable.



