System Dynamics

I prepared these notes on system dynamics, based primarily
on Rowell and Wormley’s System Dynamics: An Introduction
[1], for my own use and share it with others with the under-
standing that the contents are not meant to be original work
of my own, but merely unofficial notes taken from Rowell and
Wormley. That means the overall structure, some phrases, and

most figures are copied directly from [1]. There is no guarantee

that the contents are true to the book, however, so use it at your
own risk. Please send any errors and typos to piconer@uw.edu.

1 Basics

1.1 State-determined systems[1, p 5]

System Dynamics can be thought of as the study of the inter-
action between a system and 1its environment. System vari-
ables characterize the system and can be considered inputs
(those arising from interaction with the environment) and out-
puts (those of interest).

A state-determined system model is a mathematical descrip-
tion (state equations) of a system whose behavior for all ¢t > tg
can be determined given the initial conditions of the system at
t = to and the inputs for all ¢ > to(.". the system “forgets”).

State variables are a minimum set of variables that uniquely

define the system response for all ¢. They must be independent
and complete.

Elements of systems are the primitive blocks that supply,
store, and dissipate energy and together build systems. A state-
determined system modeY is created by identif};zing proper ele-
ments and their interactions.

2 System elements: one-port[l, p 19]

One-port elements represent the spatial locations (ports) where
energy is transfered. These can generate, store, or dissipate
energy in (but not between) the following energy domains: me-
chanical, electrical, fluid, and thermal.

2.1 First law of thermodynamics
Defining power P as the positive time rate of change of the total

energy stored in the system &,

P(t) = dE/dt. 1)

We assume that this energy exchange (or power flow) between

the system and the environment occurs through a finite number
of ports.
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This power flow is a result of work W being performed on (+)
or by (—) the system and heat energy H flowing in (+) or out
(=) of the system:

té Ps(n)
P, =D

P(1) ()

Pdt = AW + AH @)

Conservation of energy can be expressed as the sum of the n

power flows into the system being equal to the time rate of
change of the sum of the energy stored in the m system ele-

ments:
Soriry =Y =2
- gt
i=1 Jj=1

3)

This is valid for lumped-parameter systems comprised of lumped-
parameter elements that represent the behavior of a region of
the system that is considered to have somewhat uniform behav-
ior (e.g. a car’s velocity as opposed to the velocity of each point
on the car), and can be described by ODEs. This is opposed to

spatially continuous or distributed systems, which are described
by PDEs.

2.2 Mechanical system elements[1, p 21]
2.2.1 Translational

Here the power flow P(t) is the product of the power flow vari-
ables: velocity v(t) and collinear force F(t), so

P(t) = F(t)v(t). (4)

Mechanisms for energy storage and dissipation are:

e mass: Kkinetic energy stored as massive translating ele-
ments,

e spring: potential energ
springlike elements, an

e damper:energy dissipated through friction to heat.

stored as elastic deformation of

Note that the typical linear relationships that we will see below
are ideal, and that real springs and friction (damping) behave
differently.
Ideal sources (which can give infinite power) are:
e force source: in which supplied force Fs(t) is designated
and the resulting velocity is a function of the system, and
e velocity source: in which supplied velocity Vi(t) is desig-
nated and the resulting force is a function of the system.

2.2.2 Rotational

Here the power flow P(t) is the product of the power flow vari-
ables: angular velocity ©(t) and torque T'(t) about a fixed axis,

> P(t) = T(HQAL). (5)

Mechanisms for energy storage and dissipation are:

e rotational inertia: kinetic energy stored as massive rotat-
ing elements,
e rotational spring: potential energy stored as elastic angu-
lar deformation of springlike elements, and
° ﬁotational damper: energy dissipated through friction to
eat.

Of interest here is the rotational moment of inertia (see [1, p
34] for J of some shapes),

n
J= Zmzrf = J:/ r2dm.
i=1 v

Ideal sources (which can give infinite power) are:

(6)

e torque source: in which supplied torque Ts(t) is desig-
nated and the resulting angular velocity is a function of
the s%/stem7 and

e angular velocity source: in which supplied angular velocity
Qs(t) is designated and the resulting torque is a function
of the system.

2.3 Electrical system elements[1, p 37]

Here the power flow P(t) is the product of the power flow vari-
ables: current i(t) and voltage drop v(t), so

P(t) = i(t)v(t).

Mechanisms for energy storage and dissipation are:

(7)
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e capacitor: electrical energy stored as charge ¢ in an elec-
trostatic field,
e inductor: magnetic energy stored in a magnetic field, and
. irlesistor: energy dissipated through material resistivity to
eat.

Ideal sources (which can produce infinite power) are:

e current source: in which supplied current I,(¢) is desig-
na'&ed and the resulting voltage is a function of the system,
an

e voltage source: in which supplied voltage Vi(t) is desig-
nated and the resulting current is a function of the system.

2.4 Fluid system elements[1, p 44]

Here the power flow P(t) is the product of the power flow vari-
ables: fluid volume flowrate Q(t) and pressure drop P(t) across

the port, so
P(t) = P()Q(Y). (8)

Mechanisms for energy storage and dissipation are:

e fluid capacitor: ﬁotential energy stored in the fluid,

e fluid inertance: kinetic energy stored in the fluid, and

o fluid resistor: energy dissipated through fluid work to
eat.

Ideal sources (which can give infinite power) are:

e flow source: in which supplied volume flow Qs(t) is desig-

nated and the resulting pressure is a function of the sys-
tem, and

e pressure source: in which supplied pressure Ps(t) is des-

ignated and the resulting volume flow is a function of the
system.

2.5 Thermal system elements[1, p 53]

Here the power flow P(t) is the not the product of the power
flow variables: temperature T'(t) and heat flow rate q(t) (the
time derivative of heat or thermal energy H), but

_dH(t)

P(t) = alt) = =,

(9)

Mechanisms for energy storage and dissipation are:

e thermal capacitor: thermal energy stored as heat H, the
thermal energy, and

e resistor: energy dissipated through transferring heat by
conduction, convection, and radiation.

Ideal sources are:
e heat flow source: in which supplied heat flow Qs (¢) is des-

ignated and the resulting temperature is a function of the
system, and

e temperature source: in which supplied temperature T (t)

is designated and the resulting heat flow is a function of
the system.

3 Generalized one-port elements[l, p 66]

Here we describe a generalization of the system elements of Sec-
tion 2 in order to use a unified method (linear graphs) to analyze
systems of the different energy domains.

2.4 Fluid system elements

3.1 Through- and across-variables

Through variables are continuous between the two terminals of
a system element, and can only be measured by “breaking” the
system and inserting a sensor (e.g. force and current).

Across wvariables are relative quantities because they are
measured as the differences between values at each terminal of
the element (e.g. velocity and voltage).

. Generalized through- and across-variables are defined as fol-
ows.

Generalized variables

across v

integrated across X = fg vdt + x(0)
through f

integrated through h= fg fdt + h(0)
power passing into (non- P(t) = fv

thermal) element
work done by system on ele-

T T
ment for 0 < ¢ < T W= [y Pdt= [y fvdt

Across- and through-variables by energy domain

System across through Jacross  [through
General v f X h
Transla-

tional v F z p
Rota-

tional & 3 e o
Electric v 7 A q
Fluid P Q A v
Thermal T q - H

Variable units and definitions

v generalized across
" v m/s velocity difference
§ Q rad/s angular velocity difference
g v \% voltage drop
P N/m2 pressure difference
T K temperature difference
f generalized through
< | F N force
g T N-m torque
= ) A current
1 Q mds volume flow rate
q w heat flow rate
X generalized integrated across
@ T m linear displacement
° © rad angular displacement
3 A Vs flux linkage
= N- s/m2 pressure difference momentum
h generalized integrated through
ﬁ) p N-s momentum
3 h N-m-s angular momentum
% q A-s charge
|V m? volume
H J heat
3.2 A-, T-, and D-type elements
3.2.1 A-type energy storage elements

A-type elements are those in which the energy stored in the
element is a function of the across-variable ang are called gen-
eralized capacitances, which, when linear, are represented by C.
See [1, p 71].

A-type elements’ elementary relationships

Bemen,_ Cgtithe Homlsl ey
mass p=mv F=miv € = Llmo?
ok h=J0 T = 2 £ = Liaz
gfg q=Cv i=C% £=1cw?
E;I;d V=0CppP Q=Cpif £=1c,p?
el H=or q=C4L g=arT

3.2.2 T-type energy storage elements

T-type elements are those in which the energy stored in the el-
ement is a function of the through-variable and are called gen-
eralized inductances, which, when linear, are represented by L.
See [1, p 71].
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T-type elements’ elementary relationships

Constitutive Elemental

Element Equation Equation Energy
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3.2.3 D-type energy storage elements

D-type elements are those in which the energy dissipated and
the element has an algebraic relationship between across and
through variables and are called generalized resistances, which,

when linear, are represented by R. See [1, p 71].

D-type elements’ elementary relationships

Element Elemental Equations Power Dissipated
1gzeeraerad— f= %v v = Rf P = %vz —RP
gil:lrﬁ%er F = Bv v = %F P = Bv? = %FQ
g?fr.nper T = BrQ Q= %TT P =BQ?= %TTQ
et i= v v=Ri P =Lu?= R
fluid ~ Q@=xP P=RQ P=g =R
ﬁg;rsrfal q= R%T T = Riq none: inﬁg\?vdes heat

3.3 Ideal sources

Ideal sources provide the appropriate across- or through-variable
as a function of time, while the other variable depends on
the system to which the source is connected. Note in the
figure that the for through-variables, the arrow points in the
assumed-positive direction of through-variable flow and for
across-variables, the arrow points in the assumed direction of
across-variable decrease or drop. [1, p 80]
2 - 2

o0 V()

1 -0l

(a) Through-variable source (b) Across-variable source

3.4 Causality

The elemental equations relate the through- and across-variables
and must hold at all times in an element, so if either the through-

3.3 Ideal sources

or across- variable is defined, the other must be determined by
the elemental equation.

If the system-defined or given variable must be differenti-
ated in the elemental equation to obtain the other unknown
variable, the element is in deriwative causality, whereas if the
system-defined or given variable must be integrated to obtain
tKe other unknown variable, the element is in integral causality.
All energy storage elements have either derivative or integral
causality, while a%l dissipative elements have algebraic causality,
since the elemental equations are merely algebraic.

3.5 Linearization of nonlinear elements

To approximate the behavior of a nonlinear element about an
operating point, perform a Taylor-series expansion of the consti-
tutive equation about the operating point, re-define the across-

and through-variables as perturbed variables (e.g. v* = v —vg),
and through out second- and higher-order terms to obtain the
perturbed constitutive equation. [1, p 84]

3.5.1 A-type element linearization

An A-type element has a single-valued monotonic constitutive
relationship h = F(v), which can be linearized and re-written

in terms of perturbed variables h* = h — hp and v* = v — vg,
where hg and vg are the equilibrium values about which the
linearization is being performed, as

h* = C*v* (10a)
where
d
C* = ﬂ (10b)
dv v=vg
So we have a linearized elemental equation
d *
= (11)
dt

3.5.2 T-type element linearization

A T-type element has a single-valued monotonic constitutive
relationship x = F(f), which can be linearized and re-written in
terms of perturbed variables x* = x—xg and f* = f—f, where xg
and fo are the equilibrium values about which the linearization
is being performed, as

x* = L*f* (12a)
where
dF(f
L* = & . (12b)
df =,
So we have a linearized elemental equation
df*

v =1L"* (13)

dt

3.5.3 D-type element linearization

A D-type element has an algebraic relationship v = F(f), which
can be linearized and re-written in terms of perturbed variables
v* =v—vg and f* = f— fy, where vg and fy are the equilibrium
values about which the linearization is being performed, as

v = R*f* (14a)
where IF(F
f
re= ZOf (14b)
df o=,
So we have a linearized elemental equation
v = R*f* (15)

4 System models: linear graphs[1l, p 92]

Linear graphs are representations of lumped-parameter systems
constructed from branches: energy ports that represent passive
or source system elements, and nodes: points where system ele-
ments connect and define points where distinct across-variables

can be measured w/respect to the system’s reference node: a
node chosen to reference other across-variables to (e.g. for me-
chanical systems it is typically an inertial reference frame).

(e Node
Across- \ Through-
variable variable
/ Figure 4.1: Linear graph representation
of a single passive element as a directed
Branch

line segment.

Ideal source
element

/"\ Branches representing
passive elements

Note that the elements and methods of linear graphs do not
assume the elements to be linear. Each branch is associated with
an elemental through-variable and its across-variable is defined
as the difference between the across variable at each node.

4.1 Linear graph representations of one-port
elements
The generalized ideal elemental equations are
e A-type element capacitance C: % = %f
e T-type element inductance L: % = %v, and
e D-type element resistance R: v =Rf or f = %v.

The branches have the following sign convention, designated
by the arrows: the arrow is drawn in the direction in which

e the branch’s across-variable v is assumed decreasing (in
the assumed direction of the across-variable drop), and
e the through-variable f is defined as having a positive value.
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(a) A-type elements (b) T-type element (c) D-type element

Notice that A-type elements (with the exception of electric ca-
pacitors), must have their across-variable defined with respect
to a constant reference value (denoted dashed-line).

The sign conventions for sources are similar, and are shown
in the following figure.

Direction of Direction of
v, across-variable F, through-variable
drop flow

(a) Across-variable source (b) Through-variable source
4.2 Element interconnection laws
4.2.1 Compatibility

Quoting the compatibility law from [1, p 95]: the sum of the
across-variable drops on the branches around any closed loop
on a linear graph is identically zero, or

N

Zvizo

=1

(16)

for any N elements forming a closed loop on the graph.

If a loop is drawn as in the following figures, branches with
arrows pointed with the loop-arrow cangbe summed as positive,
and those pointed against negative.

4.2.2 Continuity

Quoting the continuity law from [1, p 97]: the sum of through-
variables flowing into any closed contour drawn on a linear
graph is zero, or

(17)

for any N branches that intersect a closed contour on the graph.

If the countour is drawn as in the following figures, branches
with arrow pointed into the closed contour are positive in the
sum, those pointed out negative.

4.2 Element interconnection laws

2
fi-f—f,=0

Closed
contour

Closed
contour

4.2.3 Series and parallel connection of elements

Analogous to circuits, with a parallel connection of branches be-
tween two points, the across-variable for each parallel branch is
identical (the through-variable splits between branches). With
a series connection of branches between two points, the through-
variable for each series branch is identical (the across-variable
varies).

4.3 Sign conventions on one-port system ele-
ments

In addition to to following the conventions from the beginning
of this section (Section 4) is best to follow the following conven-
tions:

o define the positive model source direction compatible with
that of the physical system (and per beginning of this sec-
tion) and

e assume arrows always point away from sources, toward
grounds.

Define positive velocity Define positive velocity
v ~4—|

I——> v
F(1) m E F(1) m E
7 7.

Fn,=F@)
F(n) m F(n)
/ /
/ /
2 7
(a)

Define positive velocity

3

Define positive velocity

" |

F(1) <m—{ m F(1) m E
A 7

Fn=-F() F,=F@)
F() F(n) m
/ /
/ /
()

(©)

3

4.4 Linear graph models of systems of one-
port elements

The following procedure from [1, p 101] can be used to construct
system graphs:

e define the system boundary and analyze the physical sys-
tem features to be included in the model: (a) inputs, (b)
outputs of interest, (c) energy domains involved, and (d)
required elements;

e draw a schematic and assign a sign convention;

e determine lumped-parameter elements: (a) source, (b) en-
ergy storage, and (c) energy dissipative;

) ideéltify across-variables that define nodes and draw the
nodes;

e determine between which nodes each element lies and
draw them;

e select a sign convention for the passive elements and draw

arrows (see Section 4.3); and

e select the sign conventions for source elements to be con-
sistent with the physical model (see Section 4.3) and draw
them.

4.5 Physical source modeling

Since sources are often non-ideal, the following can be useful
source models:

e Thevenin equivalent (across-variable) source: an ideal
across variable source Vs in series with a resistance R,
which can be described by v = Vs — Rf

e Norton equivalent (through-variable) source: an ideal
through variable source F; in parallel with a resistance
R, which can be described by f = Fs — %v.

Across-
variable
source
Vi)

Through-
variable
source

Fy(0

(b) Norton equivalent source

(a) Thévenin equivalent source

5 State equation formulation[1, p 120]
5.1

The state equations are a set of differential equations with state
variables as unknowns that completely describe the time evolu-
tion of the system, given a set of initial conditions (expressed as
state variables). The system has order n, which corresponds to
the number state variables (minimum set of variables that com-
pletely describe the system behavior); n is equal to the number
of independent energy storage elements in the system.

State variable system representation

5.1.1 State equations

The system state x(¢) at any time ¢ can be understood as a
point in an n-dimensional state-space , and its time-evolution
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as a trajectory on that state-space. The equation of state is

% = f(x,u,1), (18)
where u(t) is a vector of r system inputs. For a linear system,
the Equation (18) becomes

%X = Ax + Bu, (19)

where A is an n X n matrix and B is an n X r matrix.

5.1.2 Output equations

System outputs y(t), an m-vector quantity, are variables of in-
terest and can be expressed as a linear combination of state
variables and inputs in the equation

y = Cx + Du, (20)

where C is an m X n matrix and D is an m X r matrix.

5.2 Linear graph usage

If a system graph (oriented linear graph) is connected, meaning
every point can be reached traveling along branches (usually
works for systems of one-port elements), the procedures in this
section (5) can be used.

If there are B branches in a system graph and of these S
are sources, there are 2B — S unknowns and therefore required
equations. These will be a combination of elemental, continuity,
and compatibility equations.

5.2.1 Normal tree construction

A normal tree is constructed in order to define the system pri-
mary variables, secondary variables, system order n, state vari-
ables, continuity eq]uations, and compatibility equations. From
these, a state model can be systematically constructed by elim-
inating all secondary variables from the n state equations. The
procedure for constructing the normal tree is thus (starting with
a system graph):
1. draw the system graph nodes,
2. select tree branches using the following rules:
(a) no loops can be created,
(b) N — 1 branches must be selected (N = number of
nodes), and

3. the following order:

(a) select all across-variable sources,

(b) select as many as possible A-type energy storage el-
ements,

(c) select as many as possible D-type energy dissipative
elements, and

(d) select as many as possible T-type energy storage el-
ements.

All elements included in the normal tree are called branches,
and others called links, which, when connected to the tree form

loops.

}I)f all across-variables sources cannot be included in the nor-
mal tree, they must form a loop, and compatibility is violated.
If at the end of the procedure an additional branch 1s required, it
must be a through-source, which would violate continuity since
it cannot be independently specified.

5.2 Linear graph usage

All A-type elements that cannot be included in the normal
tree and allpT—type elements that are included in the normal
tree are dependent energy storage elements; all others are inde-
pendent energy storage elements, elements whose stored energy
may be independently set and controlled.
Two situations can occur when an excess of state variables
may be found by the previous procedure:
1. when there are two or more A-type elements in direct se-
ries connection, and
2. when there are two or more T-type elements in direct par-
allel connection.

This excess can be mitigated by combining these elements as
shown in the following figure with the equations

1
Ceq = and (21a)
?:1 1/C;
Leq = ! (21b)
eq =
! i=1 1/Li
C 4——‘
\ ‘
\*C Cog= i L, o
/ 2.’ 1C, ‘Z; WL,
G I

5.3 State equation formulation

The following procedure can be used to give a set of state equa-
tions:

1. derive B — S differential and algebraic equations in terms

of primary variables only by starting with passive elemen-

tal equations and using B — S compatibility and conti-

nuity equations to eliminate secondary variables (note:

S(# of sources) = St (# of through-variable sources) +

(# of across-variable sources)):

(a) generate a normal tree (see above procedure),

(b) identify primary variables as across-variables on tree-

branches and through-variables on tree-links,

(c) identify secondary variables as through-variables on

tree-branches and across-variables on tree-links,

(d) identify the system order n as the number of inde-
pendent energy storage elements (number of A-type
in normal tree plus number of T-type not in normal
tree),

(e) select the state-variables as across-variables on A-
type in normal tree and through-variables on T-type
in tree-links,

(f) write B — S elemental equations for passive (non-
source) elements with primary variables explicitly on
the left-hand-side,

(g) write N—1—S4 independent continuity equations in-
volving only one secondary through-variable (branch
through-variable) by using contours that cut only one
passive branch element, and write each equation ex-
plicitly in terms of the secondary through-variable,

(h) write B—N+1— St independent compatibility equa-
tions involving only one secondary across-variable
(link across-variable) by using loops created by re-
placing passive element links back into the tree, and
write each equation explicitly in terms of the sec-
ondary across-variable, then

2. algebraically manipulate this set of n differential equations
in the n state-variables and S specified source variables:
(a) use the continuity and compatibility equations to
eliminate all secondary variables from the elemental
equations,
(b) reduce the resulting B — S equations in the primary

variables to n equations in the n state-variables and
S source-variables, and

(c) write the resulting state equations in the standard
form.

5.4 Systems with non-standard state equa-

tions
5.4.1 Input derivative form

When the state equations have the forms

x =Ax + Bu + Eu, and
y =Cx + Du + Fu,

(22)
(23)

which are typically due to either (1) a compatibility equation
includes the across-variable on a dependent A-type element and
an across-variable source term or (2) a continuity equation in-
cludes the through-variable on a dependent T-type element and
a through—variab%e source term.

These equations can be transformed into standard form by
a change-of-state-variables x’ = x — Eu, which gives

%' =Ax’ + B’u, and
y =Cx' + D'u+ Fu

(24)
(25)

where B’ = AE + B and D’ = CE + D.

5.5 State equation generation using linear al-
gebra

If the combination of the elemental equations, after they have
been written in terms of primary variables, is difficult, linear al-

gebra methods can be used to obtain the state equations. See [1,
p 150] for the formulae.

5.6 Nonlinear systems

The same methods for finding the state equations used above
can be applied to nonlinear systems, but simplification of the
elemental equations into the state equations can be trickier or
impossible. See [1, p 152] for examples.
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5.7 Linearization of state equations

By using Taylor series expansion in the usual way, we can lin-
earize state equations into the form

x* = Ax* + Bu” (26)

where A and B are the Jacobian matrices whose entries are

ofi(x,u)

8u]-

Qi = —F ) and bij =

X=X(g,u=ug X=Xg,u=uq

6 Energy-transducing system elements|1,
p 169]

6.1 Ideal transformers & gyrators

Whereas in the preceding, one-port elements were used to rep-
resent energy storage, dissipation, and storage in a single energy
domain, we no introduce two-port elements called transducers
which represent energy transfer between two energy domains

(e.g. motor, rack and pinion). Two-port elements are also used
in specific cases to represent energy transfer within a single en-
ergy domain (e.g. levers, gears).

Each port has a through- and across-variable associated with
it in its own energy domain. We require that power (P = f v)
flowing into each port to be positive:

Pi1+P2=0 (27)

N/ R (28)
v2 fi

-2 _qy (29)
f2 f1

In order to satisfy this requirement, the two elemental equations
defined by a two-port element must be of one of the two forms
that follow.

The transformer equations arise when across-variables relate
to other across-variables and through-variables relate to other
through-variables as

V2
fo

Vi
f1
where TF is called the transformer ratio.

The gyrator equations arise when across-variables relate
to through-variables and through-variables relate to across-

variables as
Vi _ 0 GY V2
f; | |-1/GY 0 fa

where GY is called the gyrator modulus.

The following steps can be used to determine the TF (similar
for GY):

1. establish positive vy, f1, vo, and f2 on a diagram,

2. determine vi-va relationship,

3. define TF as vy /v2, and

4. using Equation (28), define fi-fa relationship

TF 0
0 —1/TF

(30)

(31)

5.7 Linearization of state equations

Some transformer ratio & gyrator modulus examples

model TF/GY notes
rack & pinion r r: radius of pinion [1, p 176]
. N = ri/r = ni/n
e | B train —1/N (r: radii, n%/tegeth) 1, p 11(75}2
i DC motor 2NB/lr see [1, p 179]
g slider-crank —r r: radius of crank [1, p 171]
&S | block & tackle —2 see [1, p 172]
£ | lever —1/L  L=1Iy/li [1, p 172]
£ | belt drive R R=ry/r [1, p 172]
elec trans 1/N N = N3 /Nj (turns) [1, p 172]
fluid trans A A= As/A; (area) [1, p 172]
> | hydraulicram —1/A  A: piston area [1, p 180]
O disp pump —1/D  D: vol disp/rad [1, p 171]

Ideal energy transduction models often need supplemented
by passive one-port elements to take into account losses and
energy storage in the energy transducer.

6.1.1 Gear ratio

The notation N : 1 denotes that the input gear 61 rotates
times for every output gear 02 rotation, so #; = —N62 or
Q1 = —NQ2 (note that N' = 1/N).

6.1.2 Mechanical levers

The transformer ratio TF for a lever can be found by assuming

small angles and recognizing that 61 = —68a:
xr1 = Z1sin91 = leine ~ 619 (32)
X9 = losinfy = —Flosinfd ~ —F0. (33)
Solving for z1 = f(z2), we see 1 = —%mz = —%xg = TFzs.

6.1.3 Method for “effective” capacitances

It is often that we wish to know the “effective” capacitance
(mass, inertia, etc.) of some A-type element that is connected

through one or more energy-transducing element to some source
element that is driving it. This is done by

e writing down the elemental eqluation of the A-type element
whose capacitance we would like to reflect,
e substituting into this equation compatibility, continuity,
and elemental (including transducer) equations as re-
uired to transform the original equation into an A-type
elemental equation that is directly connected to the source
that is driving it, and
e defining the effective capacitance C. from this elemental
dv

relationship: &F = Cif.

6.2 State-equation formulation

The process of generating a state-equation for a system includ-
ing two-port elements is very close to that of Section 5.3. The
main difference is in the creation of the normal tree.

6.2.1 Normal tree

Transformers (top figure) require that one or the other, but not
both, branches be in the normal tree. Gyrators (bottom figure)
require that both or neither branches be in the normal tree.

This requirement, changes the procedure in Section 5.2.1 to
the following:

1. draw the system graph nodes,
2. select tree branches using the following rules:

(a) no loops can be created,

(b) N — 1 branches must be selected (N = number of
nodes),

(c) one and only one of a transformer’s two branches can
be selected,

(d) both or neither of a gyrator’s two branches can be
selected, and

3. the following order:

(a) select all across-variable sources,
)

(b) select as many as possible A-type energy storage el-
ements,

(c) select correct transducer branches, minimizing the

resulting number of T-type energy storage elements
in tree,

(d) select as many as possible D-type energy dissipative
elements, and

(e) select as many as possible T-type energy storage el-
ements.

6.2.2 State-equation generation

The state equations can be found using the normal tree cre-
ation metho(éls of Section 6.2.1 and the procedure of Section 5.3
with the following alteration: two extra elemental equations
for each transformer and gyrator will be found using Equa-
tions 30 and/or 31.
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7 Operational methods for linear

systems|[1, p 205]
In this section we discuss time-domain operational mathemati-
cal and graphical methods often used to develop different system

representations. The four system representations in this section
are

e state equation form

x = Ax + Bu,
y = Cx + Du,

e classical form (SISO)

dny dn—ly dy
an a"*1W+"'+a1E + aoy
d™u dm—ly du
:bmdtT +bm—1w+---+b1£+b0ua (34)

e time-domain operator form, where H{} is the dynamic
transfer operator for SISO systems

y(t) = H{u(®)}
b S™ 4 b1 S™TL L+ 1S + b
T S 4 ap_18" 1+ ...+ a1S +ao

(35)

{u®)} (36)

where S and S~! are the differential and integral opera-
tors; or, for MIMO systems, we define the matrix transfer
operator
y(t) = H{u(t)}, and (37)
e operational block-diagram form (see [1, p 217,218,235] for
vector state equation, state equation, and classical forms
of block-diagrams).

7.1 Transformation from state-space equa-
tions to classical form

For first-order systems, see Section 9.1; for second-order sys-
tems, see Section 9.2.

For a quick and dirty second-order example, see [1, p 219, ex
7.5]. For higher-order or MIMO systems, a more formal method
using the transfer operator is useful, and described in [1, p 228].
For higher-order SISO systems see [1, p 231-3].

These methods essentially show how to find the state equa-
tion’s transfer operator H{} and use Equation 35 to back-out
an equation of the form of Equation 34.

7.2 Transformation from classical form to
state-space equations (state space “real-

izations”)

Although the state variables may not be physical, block dia-
§,rams or canonical forms may be used to transform a classical
orm differential equation into state-space equations. This real-
ization (including the canonical forms, which I think easiest) is
described in [1, p 233-6].

8 System properties & solution

techniques[1l, p 244]

8.1 System input function characterization
8.1.1 Singularity input functions

These functions are used to determine a transient (because ape-
riodic) system response to discontinuous (or are so in their
derivative); they are identically zero for all ¢ < 0.

1. The unit pulse is defined as

0 fort <0
or(t)=41/T for0<t<T
0 fort >T

(38)

where T is the pulse duration. In the limit as T'— 0 (or
for T << 1), we have the unit impulse,

0 otherwise (39)

5(t) = {undeﬁned fort=0
with [0 K§(t)dt = K where K is the strength of the

scaled impulse.
2. The unit step is defined as

0 fort<O0
us(t) = {1 for t > 0. (40)
3. The unit ramp is defined as
0 fort<O0
ur(t) = {t for t > 0. (41)

Although not formally differentiable, these functions are re-
lated by integrals and derivatives as shown in the figure.

8@ ug(0 u(1) .
1.0 pr———— 1.0
Integration Integration
———— i i,
B ——
Differentiation Differentiation
—————_ -

0 i !

8.1.2 Sinusoidal input functions

These have the form u(t) = Asin(wt + ¢) and u(t) = Acos(wt +
@), where A is the amplitude, w is the angular frequency (rad/s),
and ¢ is the phase (rad). The frequency f is found from the
relationship w = 2w f = 27 /T where T is the period.

8.1.3 Exponential input functions

These have the form u(t) = e’ where s is complex in general
(possibly real). When imaginary exponents are encountered,

the following Euler formulas are useful:

eJwt — cos(wt) + gsin(wt) (42)
e—dwt _ cos(wt) — gsin(wt) (43)
cos(wt) = %(ejwt + e*jwt) (44)
sin(wt) = %(ejwt _ efjwt) (45)

For more properties of exponentials see [1, p 250].

8.2 Classical solution of linear differential
equations

Since we can re-write any SISO state equations in classical form
(see Section 7), we can use this formulation to solve for the out-
put. Defining the forcing function f(t) to be the right-hand-side
of Equation 34, we have

dny m—1
— +an—
dtn n—1

y dy
din—1 toeta dt

+aoy = f(t).  (46)

The general solution y(t) to this equation is found by summing
the homogeneous solution yp,(t), found when f(¢) = 0, and the
particular solution y,(t), found when f(t) is the specific input:

y(t) = yn(t) + yp(t)- (47)

8.2.1 Homogeneous solutions

The homogeneous solution, that of Equation 46 with f(t) = 0,
can be found by the standard method of assuming a solution
yn(t) = Ce* where C is a nonzero constant, and plugging into
the homogeneous equation to get the characteristic equation

A" an—1 A" 4+ ard 4 ap = 0. (48)

By solving this equation for A1, Ag, ..., Ay, the solution with con-
stantz C1,Ca,...,Cp. If there are n distinct roots to Equa-
tion 48,

yn(t) = CreMt 4 Core2t + .. 4 Cretnt. (49)

If there are m repeated roots to Equation 48 and n —m distinct
roots, then the unrepeated root solutions appear in the sum as

before, but the repeated root solutions are multiplied by ¢t*—!
for the kth repetition (e.g. for A7 = 1 and Ao = A3 =\ = 2,
yh(t) = Cle)‘lt + CQEAt + Cgtekt).

8.2.2 Particular solutions

The particular solutions, that of Equation 46 with f(t) = f(¢),
can be found by the method of undetermined coefficients, which
takes an educated guess based on the forcing function, checks,
then chooses proper coefficients to satisfy the differential equa-
tion. The foﬁowing table has common forcing function with
corresponding assumed solutions.
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yp(t) assumptions for method of undetermined coefficients

term in wu(t) assumed form for y, () \t/zslge
k K, 0

k™ (n =1,2,...) Kpt"+Kp_1t" "+ +Kit+Ko 0
R Kielt A
keiwt Kpeiwt Jw
kcos(wt) Kicos(wt) + Kosin(wt) jw
ksin(wt) Kjcos(wt) + Kosin(wt) jw

The “test values” in the above table are to test whether or not
the particular solution is a component of the homogeneous so-
lution. If the test value is equal to any root of the characteristic
equation of multiplicity m, then the assumed solution must be
multiplied by ¢™.

8.2.3 General (total) solutions

Equation 47 is the general solution to Equation 46. Typically,
we apply the initial conditions (IC) after we have formed the
general solution. This is not strictly required - see Section 8.3.3.

8.3 System properties
8.3.1 Stability

A system is said to be in equillibrium when its stave vector
does not change with time; it is said to be at rest when it is
in eq&lillibrium and without inputs. Every system is at rest at
x=0.

Assymptotic stability depends on the system response to a
disturbance from an equillibrium state. If, when perturbed, it
assymptotically returns to its equillibrium state, 1t is assymp-
totically stable. If it diverges, it 1s unstable. If it remains at its
perturbed state or oscillates about the equillibrium point, it is
neutrally or marginally stable.

8.3.2 Time invariance

Time-invariant systems have A, B, C, and D matrices that do
not depend on time. It is defined as time-invariant if in delaying
the input by 7', the output is also delayed by T'.

8.3.3 Superposition of LTI systems

If a skfstem is both linear and time-invariant, it is abbreviated
LTI. These systems obey the principle of superposition, which
states:

The response of an LT1 system to a set of given ICs
and an nput consisting of several components,

u(t) = ui(t) + ua(t) + ... + ug(t) (50)
may be found by determining the response to (1) the
ICs with zero input and (2) each of the k individual
input components and then summing all component
responses to determine the total response.

One use of superposition is as a shortcut to a solution when
part (either yrc(¢) or yu(t) below) is already known. Then we
can solve a forced differential equation with nonzero IC in two
parts:

8.3 System properties

1. determine solution y;¢(t) to the equation with no inputs
and given nonzero IC,
2. determine solution y,(t) to the equation with given in-

puts and zero IC, and
3. add the two solutions for

y(t) = yro(t) + yu(t).

the total solution:

If the ICs are zero, then step (1) is not required; if it is unforced,
then step (2) is not required; so only use this if it is both forced

and has nonzero IC, and then only when one or the other is
already known, or we only care about one or the other.

8.3.4 Differentiation & integration of LTI sys inputs

If y(t) is the output of a LTI system with input u(t), and the
input is differentiated du(t)/dt and re-applied to the system,
the new output to this new input is dy(t)/dt. (Caviot: u(t) =0
for t < 0)

If y(t) is the output of a LTI system with input u(¢), and
the input is integrated fot u(t)dt and re-applied to the system,
the new output to this new input is f(f y(¢)dt. (Caviot: u(t) =0
for t < 0)

8.4 Convolution & impulse response
See [1, p 264] for a great discussion of impulse response and

convolution.

8.4.1 Impulse response

The impulse response h(t) entirely characterizes a system by

allowing the computation of the response to any other input

u(t). The impulse response is the response to the system to an
impulse 6(t).

8.4.2 Convolution

Convolution is a function that maps a system’s impulse response
and input to the output. It is instantiated in the following equa-
tion:

y(t) = H{u(t)} = u(t) * h(t) = /j w(r)h(t —7)dr.  (51)

For time-limited inputs (u(t) =0V ¢t < t1 & t2 < t; t1 is often
0)7

t

Ju(m)h(t —7)dr for t < to

t
y(t) = tlz

Ju(r)h(t — T)dr for tg < t.

ty

(52)

Convolution is a linear operator and is commutative, asso-
ciatwe, and distributive. This has some interesting properties
for “cascaded” and “parallel” systems, see [1, p 268].

9 15t & 2"d order system response[l, p
276]

Significance of 15t&2"9 order to higher order systems
While most systems are of order higher than two, the rough
dynamics of many systems can be approximated by a first or
second order model, which are easy to derive and have useful
characteristics such as time constants, natural frequencies, and
damping ratios. In addition, systems of higher order than two
can be considered to be comprised of first and second order com-
ponents, which interact to form the higher order system. This
1s easily understood in terms of Bode plot construction, since
real (first order) and complex conjugate pairs (second order) of
poles and zeros, regardless of the order of the system, contribute
similar cutoff and asymptotic characteristics.

This chapter deals with single-input systems (but typically
SISO), whose state equations can be written in classical form of
time-derivatives of output variables equal to time-derivatives of
input variables.

The solution method used in this section is based on super-
position and differentiability of LTI systems (see Section 8.3).
The solutions are found by (1) finding a solution y;.(t): the
homogeneous-IC (i.e. unforced) solution with nonzero ICs, (2)
finding another solution y(t): the total “forced” solution with

zero ICs, and (3) adding solutions from (1) and (2) together:
Y(t) = yic(t) + yy(t) (53)
where we call y;c(t) the homogeneous-IC “unforced” response

and yy(t) the total forced response, which we will also call the
input-output response.

9.1 First order linear system response

The classical form of this equation is

dy _
7Ly = 5(0) (54)

where 7 (seconds in English units for mechanical systems and in
SI units in general) is the time constant and f(t) is the forcing

function. If we would like to re-write a first-order state equation
in this form, we can easily do so by the equation

1d ddu ad—bc
(0¥

a dt a dt a ® (55)

where a, b, ¢, and d are the scalar state “matrices”.

9.1.1 The homogeneous-IC (unforced) response y;.(t)

This is found by find the homogeneous response to Equa-
tion (54) and applying the initial condition y;.(0) = y(0) to
obtain

Yic(t) = y(0)e /7. (56)
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9.1.2 The characteristic response y,(t)

The characteristic response is not just a particular solution, but
the general solution with zero ICs. The equation is

Yu(t) = yn(t) + yp(t) (57)
=Ce T 4 y,(t) (58)

where C is found by the IC y,,(0) = 0 and y,(t) is the particular
solution for the input u(t) (note: not the forcing function f(t)).
Input-output responses describe the response of a system to in-
puts of the form (all non-stochastic inputs) f(t) = q1@ + gou.
The following table has characteristic and input-output (total
forced) responses for the singularity inputs.

Some Responses of System 79 + y = q1% + qou

u(?) Characteristic re- Input-output (total forced)
sponse Yy (t response y¢(t) for t >0

() getT Do)+ (L - L)e ¥/

us(t)  1—e /7 q — (qo — &) e /T

ur(t)  t—r(l—e7t/7) qot + (q1 — qoT)(1 — e~ ¥/7)

9.2 Second order linear system response

The classical form of this equation is

d2y(t) dy(t)
2
az T Gwn dt

+wny(t) = f() (59)

where wy, is the undamped natural frequency, ¢ is the (dimen-
sionless) damping ratio, and f(t) is a forcing function.

9.2.1 f’I‘ransforming from state equations to classical
orm

If we would like to re-write state equations in this classical form,
we must decide which output we desire. For an output of one
or the other state variable, we can use Cramer’s rule

b1 —aj2
det by S_ a22:|
= 60
. det [SI—A] (60)
det S—an b
—a21 b 61
T T et SI—A] ¢ (61)

then re-arrange. The denominator det [ST — A] is very impor-

tant, since it determines the system response of every variable
in a second-order system. Essentially, it describes the dynamics

of the system without inputs (since it creates the LHS of the
classical equation (59)), so we have the equality

2
det [ST— A] = dd@;g” + 2Cwn dijEet) Fulyt).  (62)

9.2 Second order linear system response

So, with only the A matrix, we can determine the system prop-

erties
wn = Vai1a22 — ai2az21 (63)

1
¢ =——(a11 +a22)
2wn

_ —(a11 + a22) . (64)
2v/a11a22 — ar2a21

To assign to the output y a non-state-variable, see [1, p 298,
Eqgs 9.54,55]. Of course, wn, and ¢, and therefore the LHS of
Equation (59), are unchanged for any choice of output y.

If we would like to develop homogeneous-IC solutions, we
must know ICs, typically output ICs y(0) and ¢(0). If we have
state equations, the output ICs can be found from the state and
output equations to be

y(0) = c121(0) + c222(0) (65)
9(0) = c121(0) + c222(0)

= c1(a1171(0) + a1272(0))

+ ca(a2121(0) + a22x2(0)). (66)

9.2.2 The homogeneous-IC (unforced) response y;(t)

The assumed homogeneous solution
yn(t) = CreMt + Chet2? (67)
can be found by the characteristic equation
det M — A] = A2 +2Cwp XA+ w2 =0 (68)
to be
A, A2 = —Cwn T wp V(2 — 1. (69)
In the following list, homogeneous-IC solutions y;.(t) will be
developed for different situations arising from Equation (69).
Note that in the following, it is always assumed that y;.(0) = yo
and y;c(0) = 0!

e y;.(t) for overdamped system: ¢ > 1
The roots of the characteristic equation are

AL, Ao = wn (fg ++/C2 = 1) (70)

and with ¢ > 1, we will get real-valued A\; and A2. So from
Equation (67) and the ICs y;.(0) = yo and y;i.(0) = 0, we

have
. — _<+ v C2 —1 *C*\/ 42*1“’7%
yzc(t) = Yo €
2¢/¢%2 -1
_ o SlVA Sl 16*C+\/ ¢Z—1lwnt (71)
24/¢2 -1
which is the sum of two decaying exponentials with
1 1
T = 7)\71 and Ty = 7)\—2. (72)

This response has neither overshoot nor oscillation.

e y;c(t) for critically-damped system: { =1
The roots of the characteristic equation are equal:

AM = Ao = —wn (73)

So from Equation (67), realizing we must include a factor
of ¢, and the ICs y;.(0) = yo and y;.(0) = 0, we have

Yic(t) = yo (e7“" + wnte™Wnt). (74)

e y;.(t) for underdamped system: 0 < (<1
The roots of the characteristic equation are

AL, A2 = —Cwn £ jwnV/1 — CZ = —Cwn * jwq. (75)

where wg = wn+/1 — (2 is the damped natural frequency.
So from Equation (67), using Euler’s formulas to write in
terms of trigonometric functions, and the ICs y;.(0) = yo
and y;.(0) = 0, we have

efgwnt

177<2cos(wdt — ) (76)

Yie(t) = yo

where the phase angle

<
i@

¢ =tan"! (77)

Note that as ( increases, wy decreases. It is some-
times useful to know the amplitude Decay Ratio (DR)

for i (t) # 0:

_ yic(t + Tp)

— o—2mC/V/1-C2
yic(t) - (78)

DR

where DR is the ratio of amplitude at time (t + 7T3) and
time ¢, where Tp = 27 /wq.
e y;.(t) for unstable system: ¢ < 0

The roots of the characteristic equation have positive real
parts, and result in an exponentially increasing, unstable
response. If —1 §(§ < 0, the response will oscillate with
increasing amplitude; if ¢ < —1, the amplitude will grow
exponentially.
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9.2.3 The characteristic response y,(t)

The input-output (total forced) response y¢(t) is the general
solution to the equation

d?y(t) dy(t) | o d*u(t) du(t)
2 t) = t
gz T Hen— = wpy(t) = o=+ — =+ qou(?)
(79)
with ICs y(0) = ¢(0) = 0. State in another way,
yr(t) = yn(t) +yp(?) (80)
= CreM! + Coe2! 4y (1) (81)

where C1 and C3 are found by applying the ICs y(0) = y(0) = 0,
and yp(t) is found by the method of undetermined coefficients
(see Section 8.2.2).

Note that the RHS of Equation (79), the forcing function
f(¢) contains a linear combination of the input u(¢) and its time
derivatives. From superposition and derivative/integral proper-
ties of LTI systems, we can find the input-output (total forced)
response ¥ (t) by finding the characteristic response yu (t) to the
input u(t) and differentiating, multiplying, and summing to get
the general (total) response (see Section 9.2.4 for more details).

Since we can combine responses in this way, we
need only find the characteristic response y.(t) for wu(t),
then we can find the total forced response yf(t) for
any linear combination of wu(t) that may arise in the
RHS of (79), f(¢). The characteristic response (%)
is shown in the table below for the singularity inputs.

d?y(t)

Responses of System ezt 2Cwnd%7(tt> +w2y(t) = g(t)

Damping

ratio g(t) Characteristic response y (t)
T Cant
0<¢<1 4(¢) i sin(wgt)
—Cuwnt
w2 (1= S cos(wat + )
1 e*(wnt
— | t+ ( 2(cos wgt
w. w
ur(t) " "
22 -1 . 2¢
+ ——=sinwgt | — —
/1 — CQ Wn
=1 3(t) te~wnt
wt) gy (1 et —untemnt)
up(t) é (t - ﬁe‘“’"t + temwnt — i)
N\ B B
¢>1 5(t) o= /@j(e )
us(t) ﬁ 1- 27211 (rre=t/m _7264/72))
1 2
1%,
ur(t) n "
Wn 2 —t/T1 2 —t/T2
21 Tie —Tye
2 —
Note: in the above table 79 = —1/Xj and 79 = 1/Xg as in Equations (72).

9.2.4 The general (total) response y(t)

As mentioned above, we can find the total response to an input
u(t) by using the principles of superposition and differentiabil-
ity /integrability of LTI systems. The input u(t) always enters
the equation in the form

d?u(t) ” du(t)

() =q a2 pm

+ qou(t). (82)

If we find the response of the system to the forcing function
g(t) = u(t), yu(t), from the above table, then we can construct
the total forced response to g(t) = f(t), y¢(t), by the equation

dzyu (t)
dt?

dyu(t)
dt

yr(t) = q2 +q + qoyu(t). (83)

If g1 = g2 = 0, the total forced response is just those solutions
in the table scaled by qo.

The general (total) response y(t) to an input u(t)
entering through a forcing function f(¢) with ICs
y(0) = wyo and y(0) = O is the sum of the

homogeneous-IC response y;.(t) and the total forced
response y¢(t):

y(t) = yic(t) + yr(t). (84)

10 General solution of the linear state
equations[1, p 331

10.1

10.1.1 Homogeneous state response

State variable response of linear systems

The homogeneous state equation is

% = Ax (85)
with an arbitrary set of ICs x(0).
The assumed solution is
xp(t) = @()x(0) (86)

where ®(t) = et is the state transition matriz in terms of a
matriz exponential. For more info about state transition matri-
ces (including how to compute them) and matrix exponentials,
see Section 10.3.

10.1.2 Forced state response
The forced state equation with input u(t) is
%X = Ax + Bu. (87)

with an arbitrary set of ICs x(0).
The solution is typically written in one of the following forms

t
x(t) = eAtx(0) + B / e ATBu(r)dr (88)
0
x(t) = etx(0) + / ' AT Bu(r)dr (89)
0

where 7 is a dummy integration variable. Note that in Equa-
tion (89) the integral is the convolution integral.

10.2 System output response

The output equation is

y = Cx + Du, (90)
the homogeneous response is
xp(t) = ®(t)x(0), (91)

and the forced response is

y(t) = CeAtx(0) + C / ' AT Bu(r)dr + Du(t).  (92)
0
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10.3 State transition matrix ®(t)

10.3.1 Properties of ®(t) and e®

The state transition matrix is defined as

®(t) = At (93)
where the matrix exponential eA? is defined in the table below
as power series. Although this series always converges, rarely
does so quickly, so other methods (see Section ?7) typically are
used.

Here are some properties of the state transition matrix:

1. ®(0) =1,

2. ®(—t) = &~ 1(t) which gives x(—t) = ®71(t)x(0),

3. B(t1)®(t2) = ®(t1) + (¢t2) which gives
x(0) = ®(—to)x(to) and xp(t) = ®(t — to)x(to0), and

4. if A is a diagonal matrix, et

the diagonal elements e®iit.

5. x(nT) = [®(T)]" x(0) Vn=12... soif we know
P (¢t) at some time T', we can easily find it for integer mul-
tiples of T'.

is a diagonal matrix with

Some matrix exponential properties

Description  Matrix exponential property
definition eAt =T+ At + A t2 4 A3t3 4o
whent=0 eA0=1I

inverse e At = (eAt) !

shiftingint  eA(t1+t2) = gAl1 Al

- e(A1+A2>t = eArteAst only if AjAy = AgA,
At AeAt _ eAtA

ft eAtdt = A7 (et —T) = (eAt —T) AL if

A1 exists; otherwise defined by the series

derivative

integral

10.3.2 System Eigenvalues and Eigenvectors

We are finding homogeneous solutions of the form

n
t) = Z mij erit
=1

where m;; are constant coefficients that depend on the system
structure and initial conditions x(0), i.e.

(94)

eklt
oMt
Xh (t) =M . (95)
eAnt
where
mi1 mi12 Min
ma21 m22 man
M= (96)
Mnl  Mnp2 Mnn

10.3 State transition matrix

Defining M in terms of column vectors,

Mz[ml\m2|...|mn], (97)
if we plug Equation (95) into Equation (85), we get
Aim; = Am; i=1,2,...,n (98)

which is the eigenvalue/ eigenvector problem. The homogeneous
response is determined by the eigenvalues and eigenvectors of
A. Equation (98) can be re-written as

AI—Ajm; =0, (99)
for which a non-trivial solution requires
d(A;) =det[\;I—A]=0 (100)

which is defined as the characteristic equation of A.

FEigenvalues are the n roots of the characteristic
equation, A;.

For a physical system, the eigenvalues are either real or occur
in complex conjugate pairs.

For each eigenvalue )\;, there is an eigenvector m; found
by substituting into Equation (100). No unique solution exists,
since m; = am; VYV m .

The modal matriz is defined as the matrix made of an
arbitrary set of corresponding eigenvectors m;,

M= [mi [m | ... |m] (101)
Now we can write Equation (95) as
xp(t) = MePa (102)
= armieMt + aomae™2t + .+ apmpent (103)
where
et 0 ... 0
0 et .. 0
A= . , (104)
0 0 ernt

and (103) is a very useful form, showing that the solution is a
linear combination of elgenvalue exponentials, in the directions
of the eigenvectors, weighted by constants determined by the
initial conditions. For distinct eigenvalues

o = M~1x(0). (105)

Note that the eigenvector columns of M must match the

columns in which the corresponding eigenvalue appears in et
This gives the state transition matrix for n distinct eigenvalues

(since M~ does not exist otherwise)

(1) = McA M | (106)

This is itself a convenient way of computing ®(¢) (note: the
Voyage 200 calculator can compute eigenvalues and eigenvec-
tors) and leads to the important result:

the homogeneous response of any state variable in
the system from any ICs x(0) is a linear combina-

tion of n modal components e*i* where \; are the
eigenvalues of A.

10.3.3 Systems with complex eigenvalues

If some roots of the Characterlstlc equation arise in complex
conjugate pairs \; ;41 = o £ jw, the modal matrix will have

corresponding terms e(9FTiw)t — ¢otetiv  which can be con-

verted into trigonometric form using the Euler relationships (44)
and (45) to e?? sin wt or e cos wt.

10.3.4 Systems with repeated eigenvalues

These systems are not dealt with in [1], but a preliminary dis-
cussion is presented here in Sec 10.3.9. The methods developed
in 10.3.6 for finding the response do not apply to these systems.

10.3.5 Stability of linear systems

The definition of asymptotic stabzlzg{ is equivalent to stating
that the homogeneous response of all state variables must de-
cay to zero in the absence of an input:

tliglowi(t):O Vi=12,...,n. (107)

This leads to the summary:

A linear system described by state equations
= Ax + Bu is asymptotically stable iff all eigen-
values of the matrix A have negative real parts.

Asymptotic instability occurs when at least one eigenvalue
has a positive real part.” Marginal asymptotic stability occurs
when at least one eigenvalue has zero real part; if it also has a
zero imaginary part the system will get “stuck” at some con-
stant nonzero state, if instead it also has a nonzero imaginary
Eart the system will oscillate with constant amplitude about a

nite state.
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10.3.6 Transformation of state variables & modal de-
composition

For general linear transformations of the state variables

x =Pq (108)
see [1, p 349] for a full discussion.

Using these methods, if a system has n distinct eigenvalues
we can transform the state variable s.t. A becomes a diagonai
matrix which can provide insight into the internal structure of
a system. The transformed state equations are

q=Aq+Bu
y =C'q+Du

(109)
(110)

where q = M~ !x and M is the modal matrix of eigenvectors,

A1 O 0
0 A2 0

A= , , (111)
0 0 An

B’'=M"'B, and C' = CM.

This gives ®(t) = eMt as given by Equation 104 (the modal
matrix of eigenvectors for the decoupled system is simply the
identity matrix). This gives the homogeneous response in the
simple uncoupled form

qi(t) = q;(0)eMit.

Furthermore, in this form the solution can be written more
directly as a modal decomposition

(112)

x(t) = q1(t)m1 + g2(t)ma + ... + gn(t)my, (113)
where ¢;(t) is the i-th component of q. This equation also ap-
plies when the modal matrix M comprised of both eigenvectors
and generalized eigenvectors [2, p 312], so it is most certainly
true that any solution to the state equation can be written in
terms of its modal components. This is obvious when we think
geometrically: the set of eigenvectors and generalized eigenvec-
tors, since by definition linearly independent, constitutes a basis
for the state space X. The fact that the input is mapped by B
to ¥ also makes the next point apparent: even the response
of a system to an input may be written in terms of its modal

components, and (113) still applies:

B(t)u(t) = B1(t)my + B2(t)ma + ... + B (t)my,. (114)

The state equation can now be written as
qi(t)m1 + g2(t)mz + ... + gn(t)mp =
q1(t)Ami + g2(t)Amsy + ... + ¢n(t)Amy,
+B1(H)Am; + B2(H)Amz + ... + Bn(t)Amy.

For the special case of n eigenvectors, the state equation
becomes

(g1(t) — A1q1(t) — B1)m1 + (ga(t) — A2g2(t) — B2)ma + ...
+ (g (t) = Angp (t) — Bn)my, = 0.

10.3 State transition matrix

Since the set of eigenvectors {m,} is linearly independent,

Gn(t) = Angn(t) + Bn fori=1,2,..,n. (115)

So for the case of a constant A matrix with a full set of eigenvec-
tors, the system is completely described by a set of n uncoupled
scalar equations whose solutions are of the form

t
ai(t) = e 710 Nig; (ko) +/ (=i gy (r)dr. (116)
to

For systems without a full set of eigenvectors, a similar map-
ping can be performed using the modal matrix M comprised of
both eigenvectors and generalized eigenvectors [2, p 312]. This
transformation into normal form results in a system

qd=Jq+B'u
y =C'q+Du

(117)
(118)

where q = M~ !'x, J = M~'AM is the Jordan canonical form
matrix (see Sec 10.3.9), B’ = M~1B, and C’ = CM. Note that
this system is as nearly decoupled as possible, but not fully so.

10.3.7 The invariant subspace

The invariant subspace of a linear map P : V — V for a vector
space V is a subspace v C V for which P(v) is contained in v.

This subspace can be termed P-invariant. The space spanned
by eigenvectors of P is P-invariant. A subspace spanned by the
eigenvectors (assuming P has n distinct eigenvectors) will be
mapped by P back to the same subspace.

This is important in linear systems theory when we are inter-
ested in exciting specific modes of the system without exciting

others. To excite a specific mode or modes (which span an in-
variant subspace) with only initial conditions, choose an initial
condition x(0) that lies in the desired invariant subspace, i.e. se-
lect x(0) to be a linear combination of the eigenvectors spanning
the invariant subspace.

m3

/ Xmy

The case of real eigenvectors is easiest. We desire an initial
condition that lies in the invariant subspace of A, and this can
by achieved by selecting the coefficients of the linear combina-
tion of eigenvectors (which happen to be the initial conditions
of the diagonalized system),

x(0) = M« (119)
=oimi + aomy + ... + apmy (120)
— Mq(0). (121)

So select a; of only the desired modes to be nonzero, and the re-
sulting linear comgination yields an A-invariant initial condition
x(0). The above figure shows two examples of initial conditions
for such a system: in blue, one selected by the preceding method
and lying in the invariant plane spanned by tﬁe eigenvectors of
the desired modes (1 and 3); in purple, one selected that did not
lie in the that plane and required the excitation of the second
mode, which in this case was unstable (probably why we didn’t
want to wake it up).

The case of complex eigenvectors is a bit more subtle. The
real A-invariant subspace spanned by a complex conjugate pair
of eigenvectors m; and my is what we are concerned with,
since our initial conditions must be real. This real subspace
is spanned by

{Re[mi],Im[m;]} or {Re[ms],Im[my]}. (122)
This arises from recognizing the requirement that, in order to
obtain a real initial condition, the linear combination coefficient
vector o must, contain complex conjugate pairs of complex num-
bers for complex eigenvectors.

Re(m)

The above figure shows two examples initial conditions for
such a system: In blue, one selected by the preceding method
and lying in the invariant plane spanned by the real and imag-
inary components of the eigenvectors of the desired modes (1
and 2); in purple, one selected that did not lie in the that plane
and required the excitation of the second mode, which in this
case was unstable.
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10.3.8 Response of linear systems to singularity inputs

Some special cases are worked out in [1, p 353] for singularity
inputs 0(t), us(t), and ur(t).

10.3.9 Systems with repeated eigenvalues

This topic is fully treated in [2, p 250], but not in [1]. Every
n X n matrix has n eigenvalues, and for each distinct eigenvalue
i, a linear independent eigenvector m; exists. For every eigen-
value \; repeated p; times (termed algebraic multiplicity of \;),
any number g; (termed geometric multiplicity or degeneracy of
Ai) up to and including p; of independent eigenvectors may ex-
isft:A 1< gl < pi. g; is equal to the dimension of the null space
o

1y

g; = n — rank(A — \I). (123)

This gives rise to three cases:

Fully degenerate: ¢; = p; In this case, the eigenvalue
problem has ¢; = p; inde en(ﬁ)nt solutions for m;. So, even
though there were not n dIi)stinct eigenvalues, n distinct eigen-
vectors still exist and we can diagonalize or decouple the system
as before.

Simple degeneracy: ¢; = 1 In this case, the eigenvalue
problem has ¢; = 1 in(i:apendent solutions for m;. e would
still like to construct a basis set of n independent vectors, but
they can no longer be eigenvectors, and we will no longer be
able to fully diagonalize or decouple the system. There are mul-
tiple ways of doing this (e.g. Gram-Schmidt), but the typical
and most nearly diagonal way is to construct u; —q; generalized
eigenvectors (here also called m;), which will be included in the
modal matrix M along with the eigenvectors. The generalized
eigenvectors are found by solving the usual eigenvalue/vector

problem for the first eigenvector mz1 corresponding to A;, then
solving it again with the following equations to find the gener-
alized eigenvectors

I
2

This forms the modal matrix M. The block-diagonal Jordan
form matrix, analogous to the diagonal A is

J=M"1AM, (124)
which gives the most-decoupled state transition matrix
‘ ®(t) = MeltM ! ‘ (125)

General degeneracy: ¢; =1 If 1 < ¢; < p;, the preceding
method applies, but it may %e ambiguous as to which eigenvec-
tor the generalized eigenvectors correspond (or how many for
each). This can be approached by trial and error or a system-
atic method presented in [2, p 255].

10.4 Controllability & observability

10.4 Controllability & observability

Two very important system properties, controllability and ob-
servability are briefly presented here (for more see [2, p 373]).
Two similarity transforms are helpful in transforming the sys-
tem into forms in which controllability and observability are
apparent; they are that using the modal matrix, x = Mq, and
the QR decomposition. The former leads to a Jordan form
of the state equations, the latter to the Kalman’s controllable
and/or Kalman’s observable form.

The system representation or realization {A, B, C, D} can
be considered as the maps

HDYEE DY

U =2
N
U > Y™

gaw»

between the different sets %", the r-dimensional input set; 3,
the n-dimensional state-space; and %™, the m-dimensional out-
put set (see figure below).

10.4.1 Definitions

Controllability [2, p 374] gives the following definition of con-
trollability.

A linear system is said to be controllable at tg if it
is possible to find some input function (or sequence
in the discrete case) u(t), defined over t € 7, which
will transfer the initial state x(t9) to the origin at
some finite time t; € 7, t1 > tg. That is, there
exists some input up, ;,], which gives x(t1) = 0 at
a finite time ¢1 € 7. If this is true for all initial
times to and all initial states x(to), the system is
completely controllable.

Observability [2, p 375] gives the following definition of ob-
servability.

A linear system is said to be observable at to if x(to)
can be determined from the output function y;,
(or output sequence) for tg € 7 and tg < t1, where
t1 is some finite time belonging to .7. If this is true
for all tgp and x(tp), the system is said to be com-
pletely observable.

10.4.2 Dependence on model

Both controllability and observability are properties of the spe-

cific system representation {A, B, C, D}, which is not unique

for a given system. While this is true, a system lacking controlla-

bility can typically be granted it with the addition o?actua‘nors7

just as a system f;cking observability can typically be given it
y adding sensors.

If there exists a system representation of order n that is both
controllable and observable, all system representations of order
n are both controllable and observable. If there exists a system
representation of order n that is either not controllable or not
observable, no system representation exists that is both, some
may be controllable but not observable, others may be observ-
able but not controllable, and still others may be neither.

10.4.3 LTI systems with distinct eigenvalues
In this case there is no need to refer to any specific time interval.
The system can be decomposed into its Jordan form as
4q=Aq+B'u
y =C'q+Du

(126)
(127)

where q = M~ 'x, A = M~ 'AM is the modal matrix of eigen-
vectors, B’ = M~ !B, and C’ = CM. This fully decoupled form
allows us to easily ascertain the controllability and observability
of the system representation.
Controllability criterion 1

The constant coefficient system, for which A has dis-
tinct eigenvalues, is completely controllable if and

only if there are no zero rows of B’ = M~ !B.
Observability criterion 1

The constant coefficient system, for which A has
distinct eigenvalues, is completely observable if and

only if there are no zero columns of C' = CM.

10.4.4 LTI systems with arbitrary eigenvalue

This case can be handled using a variation of the distinct eigen-
values criteria, but the method is lengthy, since it involves find-
ing the modal decomposition into Jordan form. The gist of it
is that for a decoupled system mode to be controllable, it must
either have a direct connection to the input (nonzero row of B’)
or be coupled to another mode that has one. So nonzero rows
of B’ can be tolerated if they are not the last row associated
with a given Jordan block. Similarly, a system is observable
if the first column associated with a given Jordan block is not
identically zero.
The more useful criteria follow.
Controllability criterion 2

A constant coefficient linear system is completely
controllable if and only if the n X rn matrix of

P = [B|AB|A’B|.---|A""'B], (128)

called the controllability matriz, has rank n. The
number of partitions of P required to achieve rank
n is termed the controllability index, with lower in-
dices implying “better” controllability.

Observability criterion 2
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A constant coefficient linear system is completely
observable if and only if the n X mn matrix

Q= [6T|KT6T|FT6T|...\X"*”GT] . (129)

called the observability matriz, has rank n. The
number of partitions of Q) required to achieve rank
n is terme(i) the observability index, with lower in-
dices implying “better” observability. Note that the
complex conjugates are typically not required.

10.4.5 Stabilizability & detectability

Weaker versions of controllability and observability are stabiliz-
ability and detectability. The are defined as follows.
Stabilizability

A linear system is said to be stabilizable if all its
unstable modes, if any, are controllable.

Detectability

A linear system is said to be detectable if all of its
unstable modes, if any, are observable.

11 The transfer function[1l, p 395]

The transfer function is a representation of input-output dy-
namics of linear systems. There are different methods f%r find-
ing the system transfer function, but the one presented here
is called the generalized exponential method (note that other
methods give slightly different interpretations of the transfer
function). It is developed in terms of the particular solution of
the system to an exponential input

u(t) = U(s)e®? (130)
where the complex variable is s = ¢ 4 jw and the amplitude
U(s) is complex in general. It can also be written

u(t) = U(s)el7 T = U(s)e (cos wt + j sin wt),  (131)

which shows that this form of input covers a broad range of in-
puts of interest, including decaying sinusoidal waveforms. This
derivation provides a basis for determining the steady-state re-
sponse characteristics of periodic waveforms.

11.1 SISO systems

Given the classical representation (note this is different from
Equation (34)

dny n—ly dy
andtin +an71dt"7*1 + ... "rala + aoy
d™u dm—ly du
=bm—— +bm—1——— + ... + b1 — + bou, 132
pre Vgmet T T+ bou (132)
and the assumed particular solution
yp(t) =Y (s)e™ (Y(s) € C), (133)

the transfer function is defined as the ratio of the response am-
plitude Y'(s) to the input amplitude U(s):

Y m — m—1 ..
H(S) — (S) _ bms™ + b 1S + +b1$+b0. (134)
U(s) ans™ +ap_15"" 14+ .- 4+a1s+ag
The output can now be written as
yp(t) = H(s)U(s)e". (135)

11.2 Relation to the transfer operator H{}

The only differences for SISO systems between H(s) and H{}
are in interpretation. H(s) is an algebraic quantity describing
the system particular response to an exponential input and can
be manipulated using linear algebra, whereas H{} is an opera-

tor that is independent of the form of the input and implies a
causal relationship between system input and output.

The complex variable s and the differential operator S{} can
be used interchangeably for LTI systems.

11.3 Poles and zeros

The numerator and denominator of Equation (134) can be fac-
tored into the form

N(
D(

where K = by, /ay is the gain constant.

Confusion can arise from definitions of poles and zeros being
inconsistent between texts. [1] uses the definition that sets the
numerator and denominator of (136) equal to zero. Another
takes the poles and zeros to be the values of s such that the
limit of (136) as s approaches a pole or zero to go to oo or 0.

These two approaches lead to different poles and zeros in the
case of pole-zero cancellation, see Sec 11.3.5.

(s—z1)(s —22)...(8s — 2Zm=1)(s — z2m)

(s =p1)(s—p2)...(s —Pn-1)(s — Pn)
(136)

H(s) =

s)_
s)_K

11.3.1 The pole-zero plot

Some system properties can be discovered from the plot of the
oles and zeros on the complex s-plane as shown in the following
gure.

3(s)
X — pole
o — s-plane
zero IX _____ | !2
%
3 i 0 R(s)
et

11.3.2 System poles and the homogeneous response

Although developed here from the particular response, the
transfer function still describes the entire differential equation
of the system, so the homogeneous response is embedded in the
transfer function. The characteristic equation is the denomi-
nator of the transfer function set equal to zero, so the system
eigenvalues are equal to the system poles (including canceled
ones, see Sec 11.3.5). This gives the homogeneous solution

yn(t) =D Cietit =3 Cyerit (137)
=1 i=1

where C; is found from the initial conditions. The locations of
thefpl(l)les define the n components of the homogeneous response
as follows:

1. p; = —o : the component Ce™ ¢

tial
. Di Z0: the component C' is a constant amplitude,

2
3. p; = +o : the component Cet is an increasing exponen-
4

is a decaying exponen-

tial,
. p; = —o + jw : the component Ae=9? sin(wt + ¢) is a
decaying sinusoid,
5. p; = *jw : the component A sin(wt + ¢) is a sinusoid,
and
6. p; = +0 *+ jw : the component Ae°! sin(wt + ¢) is an
increasing sinusoid.

Note that the larger the distance along the real-axis from the
origin, the greater the exponential decay or increase o. Also,
the larger the distance along the imaginary-axis from the origin,
the greater the frequency of oscillation w.

For second-order systems,

p1, P2 = —Cwn TwnV/(? — 1. (138)
For underdamped second-order systems,
p1, p2 = _Cwn :l:jwn V 1-— C2- (139)

The following figure shows the pole locations and their relation-
ships to wy, and (.

3(s)

{ decreasing

s-plane

+jo, N 1-2

0 BES

o,V T-1
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11.3.3 System stability in terms of poles

Asymptotic stability An asymptotically stable is a system
that, with the input identically zero, for all initial conditions, in
the limit as time approaches infinity, the state asymptotically
approaches zero. Since pole-zero cancellation does not play a
role in initial-condition response, all the systems eigenvalues are
identical to its poles, and vice-versa. For asymptotic stability,
all its poles must have negative real parts. A marginally stabf,e
system requires that at least one pole have zero real part, and
no poles with positive real parts. An unstable system is one
that has at least one pole with a positive real part.
Bounded-input-bounded-output stability (BIBO) A
system is BIBO if, with initial conditions all zero, no bounded
input causes an unbounded output. Pole-zero cancellation can
play a role here, since a transfer function governs the input-
output relationship, and an unstable pole could be canceled by
a corresponding zero. While the transfer function may have no
unstable poles, due to pole-zero cancellation there remains the
possibility of an unstable mode being excited by the input. If
the system is not asymptotically sta%ble, it can still be BIBO
stable iff (1) its B matrix is such that the no unstable mode is
excited by any input u(t) or (2) its C' matrix is such that the

unstable mode is not “noticed” (although this is not practical).

11.3.4 Interpretation of poles and zeros

Poles and zeros affect the system output in different ways, de-
pending on the s-plane location of the pole or zero, the type of
input present (sinusoidal, etc.), and the type of output that is
of interest (transient, steady-state, etc.).

Poles Poles, when there is no pole-zero cancellation (see
Sec 11.3.5), are identical to the system eigenvalues, and are al-
ways a subset of them. This means that, along with the initial
conditions, they always completely determine the homogeneous
response of the system, as in (137). Note that this remains true
even when pole-zero cancellation occurs (see Sec 11.3.5).

Poles completely determine i{ystem stabilitly. Depending on
the given definition of poles and zeros, canceled poles and ze-
ros may not be considered poles and zeros, but regardless, even
these canceled poles govern stability due to initial conditions (so
be sure to include them in an analysis of stability).

A periodic input can be described (by a Fourier series) as a
sum of sinusoidal inputs and, bﬁ superposition, we can sum the
responses of the system to each sinusoidal input. This means
that the frequency response function H(jw) governs the steady-
state response. The poles affect such a system’s response to
periodic inputs by the manner in which they govern the bode
plot construction.

Zeros Zeros are relevant only to response of the system
to the input, since initial condition responses are unaffected by
the zeros. For periodic inputs in steady-state, zeros affect the
frequency response function in a manner analogous to the poles.

11.3.5 Pole-zero cancellation

Pole-zero cancellation occurs occasionally. Recall that this oc-
curs for a transfer function, which describes the input-output
relationship, and tells us nothing of the system’s response to
initial conditions. The canceled pole remains a component of
the homogeneous response to initial conditions, but is consid-
ered not to affect the input-output relationship (think about
it in terms of Laplace transforms of the input-output differen-
tial equation - there is no pole-zero cancellation for the initial
condition term).

11.4 Transfer functions of interconnected systems

11.4 Transfer functions of interconnected sys-
tems

For systems in series and parallel, the transfer functions can
be combined. Two systems in series (cascading series), mean-
ing the output of the first is the input of the second, if it can
be assumed that the second does not “load” the first (i.e. the
first system acts as an ideal source to the second), can combine
transfer functions in the following way

H(s) = Hy(s)Ha(s). (140)

For two systems in parallel, meaning1 that they share the
same input and their outputs are summed, the combined trans-
fer function can be written as

H(s) = Hi(s) + Ha(s). (141)

11.5 State-space to transfer functions

The transfer éunction matriz can be constructed from the state
equations to

~ Cadj (sI-A)B+D det (sI-A)

H 142
(®) det (sI — A) (142)
The structure of H(s), the m x r matrix, is
Hll(s) HlT(S)
Hpi(s) Hmr(s)

where H;;(s) is the transfer function from the jth input to the

ith output.
For SISO systems,

H(s) = C(sI— A)"'B+D, (144)

which can be calculated using Equation (142).

11.6 Minimal realizations [2, p 408]
Definition

Of all possible realizations of H(s), {A, B, C, D} is
said to be an irreducible (or minimum) realization if
the associated state space has the smallest possible
dimension dim(X).

A minimal realization is both completely controllable and com-
pletely observable. In the case of a scalar transfer function, the
minimum dimension required is equal to the order of the de-
nominator of the transfer function after all common pole-zero
cancellations are made.

A realization obtained from the methods presented earlier
linear graFFhs, are the most complete descriptions of the internal
system. They may not be fully controllable or observable, but
this is not always important. A minimal realization makes most
sense when the transfer function (scalar or otherwise) is mea-
sured, which describes the system with input and output and
does not describe the internal system. A minimal realization

of this transfer function would not lose any information in this
case.

It is instructive to start with a state space realization of di-
mension n, find the corresponding transfer function H(s), and
find a minimal realization of this of dimension ni. If n = nq,
the system is completely characterized by H(s), it is both com-

pletely controllable and observable, and its poles and eigenval-
ues are the same. If n > nj, then the information about 7 — niy
modes was lost (and it could have been unstable, who knows).
For a scalar transfer function, the order of the irreducible re-
alization is the degree of the denominator after all common
pole/zero pairs are canceled.

11.6.1

Transmission zeros are values of z for which
K A-2I B < K A B
ran c D ran c bl

12 Impedance-based modeling methods
[1, p 422]

transmission zeros

(145)

This chapter is primarily covered in Professor Joseph Garbini’s
Appendix A, but I would like to make a few comments here.

12.1

When an ideal source is connected to a system, either its across-
or through-variable is given, and the other is a function of the
system (e.g. back emf, current “draw”) and the given source
variable. For an across-variable source, Fj,(s) = Y (s)Vin(s)
where Y (s) is the input admittance. For a through-variable
source, Vi (s) = Z(s)Fin(s), where Z(s) is the input impedance.
Ignoring causality, Y (s) = 1/Z(s). This is usually just called
the impedance of the system, since this is the impedance that
the source “sees” (drives).

Input impedance (impedance of system)

12.2 Quick transfer-function generation

This method can be used to either to obtain a general expression
for transfer functions between system inputs to outputs, or as a
quick and dirty method to obtain a transfer function between a
specific input and output. For the more general method, see [1,
p 434]. When reducing the system, be sure to retain those fea-
tures required for the transfer function (e.g. don’t collapse a
node if its across-variable is of interest to the transfer function).

Garbini, in the appendix, gives two main “tricks” to reduce a
system using impedances and obtain a specific transfer func-
tion: across- and through-variable dividers, and Thevenin and
Norton equivalent models.

12.2.1 Across- and through-variable dividers

These are presented in Appendix A. The strategy is to reduce a
system to one or the other model, so the transfer function can
be found using those models. Sometimes the transfer function

desired is of the form T'(s) = % the elemental variable desired
is not matched with the source (across vs through or vice versa).
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This can be solved using the relevant elemental relationship (e.g.
Vi _ ﬁF’ )
F, F, /)

12.2.2 Thevenin & Norton equivalent models

If the across- or through-variable dividers are unable to allow
the desired transfer function to be found, the source equivalent
methods will be of great help.

The idea for Thevenin models is that any linear system ex-
cited by a single source (across or through) and driving an ex-
ternal load Z;, may be modeled as a single across variable source
Vs (Garbini’s V) connected in series with a single impedance
element Zout(s) (Garbini’s Z¢).

The idea for Norton models is that any linear system excited
by a single source (across or through) and driving an external
load Z; may be modeled as a single through variable source
Fs (Garbini’s F¢) connected in parallel with a single impedance
element Zyy¢(s) (Garbini’s Z).

For construction of these models, see [1, p 441] and follow the
procedure. There arise some situations where the transfer func-
tion desired can make use of transforming between Thevenin
and Norton models.

12.3 Transducing elements

These can be dealt with using the following method. For trans-
formers, the effective impedance at port 1 of the impedance Z3
connected across port 2 is

Z1(s) = (TF)2Z3(s). (146)
For gyrators, the same quantity is
1
Z1(s) = (GY)? . 147
(5) = (@) s (147)

13 Sinusoidal frequency response of linear
systems [1, p 453]

In this section we will investigate the response of a system due
to inputs of the form

u(t) = A sin(wt + ) (148)
where A is amplitude, w is the angular frequency (w = 27/T,
where T is the period), and v is the phase.

Here we deal only with the steady-state response, since the
transient terms of the sinusoidal response (due to ICs) die out
quickly.

We begin with the steady-state (particular) solution to an
exponential input u(t) = U(s)et,

yp(t) = Y(s)e™ = H(s)U(s)e™, (149)
where H(s) is the transfer function and U(s) is the complex in-
l}ut amplitude. Since we only desire sinusoidal response, s = jw.

his leads to the expression for the complex output amplitude
Y (jw) as a function of a gain and the complex input amplitude:

Y (jw) = H(jw)U(jw)

Transducing elements

(150)
12.3

where H(jw) is defined as the frequency response of the system.
From the transfer function

H(jw) = H(s)|s=je- (151)
The magnitude or gain of the frequency response is
[H(jw)| = \/[Re(H(J'W))]2 + [Im(H (jw))]?) (152)
and the phase angle of the frequency response is
. —1 (Im(H(jw))
¢(jw) = tan™? (7 . (153)
Re(H (jw))

The steady-state solution yss(t) for a system with transfer
function H(s) (frequency response H (jw)) to a sinusoidal input
u(t) is

Yss (t) = A|H (jw)| sin(wt + ¢ + ¢(jw)). (154)

This means that for a sinusoidal input, the system responds
(in steady-state) with a sinusoidal output at the same fre-
quency with amplitude scaled by |H(jw)| and phase-shifted
¢(jw). |H(jw)] is the ratio of the output amplitude to the input
amplitude, sometimes called gain of the system, as a function
of mEt))ut frequency w. Systems that respond to low fre(}uen-
cies but attenuate high frequencies are called low-pass filters,
while systems that response to high frequencies but attenuate
low frequencies are called high-pass filters.

13.1
13.1.1

First-order systems of the form

15t~ & 2"d_order systems

First-order systems

d
Y 1y = Kou(t), (155)
dt
where K is a constant, has transfer function
Ko
H(s) = . 156
()= = (156)
The frequency response function is
Ko
H(jw) = —— 157
() = 0 (157)
and its magnitude and phase are
. Ko
[H(jw)| = ——— (158)
Viwr)2+1
¢(jw) = tan~(—wT). (159)

From Equation (154), the steady-state response to a sinu-
soidal input is

Ko

RS sin(wt + ¢ + tan~!(—wr)).
wT

yss(t) = A (160)

13.1.2 Second-order systems of the usual form

Second-order systems of the form

i+ 2Cwny 4+ w2y = Kou(t) (161)
where Ky is a constant, has transfer function
K
Hs)=——2% (162)
§2 + 2Cwn s + w2
The frequency response function is
K, 2
Hijuw) = —0fen (163)
(1- @) +3(2¢=)
and its magnitude and phase are
. Ko /w2
H ()] = Kol (164)
Ju- s ecey
. 41 —2Cw/wn
=tan~ ' — 165
Bliw) = tan! T (165)

The maximum (peak) magnitude occurs at the resonance
frequency

wp = wn/1 — 2¢2 V¢ <V2/2 =707 (166)

since for é > .707 no peak occurs and the magnitude is mono-
tonically decreasing for increasing w. Note that this is only valid
for systems of the form (161). It was derived from taking the

derivative of the magnitude of the frequency response function
wrt frequency, setting equal to zero, and solving for w. The
solution varies if the transfer function is of another form, for
instance, if the transfer function has a zero. The magnitucie at
this frequency is

Ko/wa

20y/1— (2
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13.2 Bode plots

Bode plots are magnitude and phase angle plots as functions
of input (driving) frequency w. They are typically graphed on
decibel (dB) and degree (°) vertical axes and logarithmic hori-
zontal axes. Decibels are found by the formula

P A
Q =10 logy (ﬁef) dB = 20 log; (A

- ) dB.  (168)

|H (jw)| is the ratio of the amplitude of the sinusoidal input to
the amplitude of the sinusoidal output, so in dB,

|H (jw)|ap = 20 logo|H (jw)| dB. (169)
The following table is helpful for quick conversions.

dB - power - amplitude relationships

dB Pout/Pin Aout/Ain
-40 0.0001 0.01
-30 0.001 0.03162
-20 0.01 0.1

-10 0.1 0.3162
-6 0.25 0.5

-3 0.5 0.7071
0 1 1

3 2 1.414

6 4 2

10 10 3.162
20 100 10

40 10000 100

Another common measure is the decade, which is synonymous
with the “order of magnitude” - a factor of 10.

13.2.1

This method for hand-drawing Bode plots is best-suited when
the transfer function is known (see Section 13.2.2 when the pole-
zero plot is known).

The general method is to build a higher-order bode plot from

easier-constructed lower-order plots. The magnitude Bode-plot
characteristics of some of these are in the following table.

Asymptotic Bode plots from transfer function

Asymptotic properties for magnitude Bode plot

Description Break :

(x = pole, Transfer function frequency g;%?:;;:;%z?

o = zero) (rad/s)

Const gain K = 0

X at origin  1/s - -20

o at origin S - 20

Real x 1/(ts+1) 1/7 -20

Real o Ts+1 1/7 20

2

Conj X’s MZW wWn, -40
2

Conj o’s S+2<:7;'S+w" Wn, 40

n

13.2 Bode plots

The following procedure can be followed to construct the
Bode magnitude plot:

1. factor the numerator and denominator of H(s) into con-
stant, first-order, and second-order terms s.t. each term
has a corresponding entry in the above table,

2. identify the break 22f;requency associated with each factor
(from table),

3. Flot the asymptotic of each of the factors on dB-log or
og-log axes,

(a) draw horizontal line (unless there is a pole or zero at
the origin) at the constant-gain value up to the break
frequency, and

(b) draw (linear on log) line using the “high-w” slope
(negative if pole, positive if zero)

4. graphically add the component plots (multiplication is ad-
dition in log-scale: log(ab) = log a + log b), and

5. “round out” the corners using known values at break fre-
quencies (£3 dB for first-order sections, and dependent on
¢ for quadratic factors).

Phase plots can be constructed by using a similar method.
Here is a table for phase-plot properties.

Asymptotic properties for phase Bode plot

](Df S:llz)té?; Break frequency Phasg Q High—wO
o = zero) wp (rad/s) wB phase (°)
Const gain ~ — = 0

X at origin = — - —90

o at origin = = 90

Real x 1/7 —45 —-90
Real o 1/7 45 90

Conj X’s Wn —90 —180
Conj o’s Wn, 90 180

The procedure for plotting the phase is as follows (first two steps
redundant if magnitude plot is already finished):

1. factor the numerator and denominator of H(s) into con-
stant, first-order, and second-order terms s.t. each term
has a corresponding entry in the above (magnitude) table,

2. identify the break frequency associated with each factor
(from table),

3. plot each component phase plot

(a) if the component is one of the first three in the ta-
ble, draw the constant line and skip the rest of the
sub-steps

(b) plot the break frequency wp point (see above table),

(c) if the component is a real pole or zero,

i glot the horizontal zero-phase up to one decade
elow wpg,
ii. plot the high-frequency asymptote (see above ta-
ble) after one decade above wy,
iii. linearly connect these two lines, drawing a line
through the “Phase Q@ wp”,

(d) if the component is a conjugate pair, inspect phase
plot shapes in [1, p 476, Figure 14.15] based on (,
but note that the low-w, “Phase @ wp,” and “High-
w phase” will all be satisfied (see above table),

4. graphically add each component (here the phases are, in
fact, additive, and on a linear scale).

13.2.2 Bode plots from pole-zero plots

Given a factored transfer function, the poles and zeros, or just
the pole-zero plot, much can be said about the magnitude and
phase response, and a magnitude Bode plot can be quickly
sketched. If each factor in a factored frequency response func-
tion, each corresponding to a pole or zero, is considered as a
vector from the pole or zero location to the location of jw, which
is the input frequency - located on the vertical axis, then the
magnitude and phase of the frequency response function are

|H(jw)| = gricr2c o tm (170)
q1-4q2 - - Qdn
ZH(jw) = (¢1 + P2+ -+ + dm)
— 61+ 024 +06n) (171)

where r; = |(jw — 2)|, ¢ = |(Jw — p;)|, K is a constant that
cannot be determined from the pole-zero plot, 6; and ¢; are the
angles pole and zero vectors (respectively) make to the horizon-
tal.

Jjo

Jw, s-plane s-plane

0 [
Loy - py)

P2

The following observations can be made from these plots:

e for a real pole:
— for low-w, the magnitude approaches a finite value,
— as w increases, the magnitucﬁa and phase decrease,
— for high-w, the magnitude = 0, and phase —7/2;
e for a real zero:
— for low-w, the magnitude approaches a finite value,
— as w increases, the magnitude and phase increase,
— for high-w, the magnitude = oo, and phase 7/2;
e for complex conjugate poles:
— for low-w, the magnitude and phase approaches a fi-
nite value,
— as w passes nearest the poles, the magnitude reaches
a maximum (resonance),
— as w increases further, the magnitude and phase de-
crease,
— for high-w, the magnitude = 0, and phase —27/2 =
—m;
e for complex conjugate poles:
— for low-w, the magnitude and phase approaches a fi-
nite value,
— as w passes nearest the zeros, the magnitude reaches
a minimum,
— as w increases further, the magnitude and phase in-
crease, and
— for high-w, the magnitude = oo, and phase 27 /2 = 7.

The following generalizations can be made.
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e If a system has more poles than zeros, as the frequency
becomes large, the magnitude tends to zero.

e If a system has more zeros than poles, as the frequency
becomes large, the magnitude tends to infinity (which can-
not happen in a physical system).

e If a system has a pair of complex conjugate poles near the
imaginary axis, a peak magnitude is seen as the frequency
approaches them. If the poles are on the imaginary axis,
the magnitude is infinite at that frequency.

e If a system has a pair of complex conjugate zeros near the
imaginary axis, a minimum (notch) magnitude is seen as
the frequency apgroaches them. If the poles are on the
imaginary axis, the magnitude is zero at that frequency.

e A pole at the origin (pure integrator) implies an infinite
magnitude at DC-frequency.

e A zero at the origin (pure differentiator) implies a zero
gain DC-frequency.

Constructing magnitude Bode plots
The pole-zero plot provides a good method for constructing a
magnitude Bode plot. The constant K from Equation (170)
cannot be determined from the pole-zero plot, so the Bode plot
must be scaled (shifted up or down for log-plot) appropriately.
The key idea is that the vector drawn from the origin to each
pole or zero corresponds to the break frequency (the magnitude
of the vector) and the phase angle (the angle of the vector).
Break the pole-zero plot into radial regions with boundaries
between the regions being the radial positions of the poles and
zeros. These radial positions correspond to (equal!l) break fre-
quencies in the Bode magnitude plot (at this point, dash-line
in the break frequencies). Starting from the origin, move out-
ward “picking up” poles and zeros as you go. The slope of the
Bode plot in each region depends on how many poles and zeros
you have carried to that region. If you pass a pole, the slope
decreases by 20 dB; if you pass a zero, the slope increases Ey
20 dB. The formula for the slope in each region as a function of
the number of poles P and zeros Z between it and the origin is

slope = 20(Z — P) dB/decade. (172)
jo 20 log ol H(jw)i
= 30
o 5 adls _N= }l N=0 !‘v:fz Nl
o % 20 I = St Yt b
s o /2= "7 Exact tesponse \ :
7 s-plane 2 z 10 : ' R B
/ - 1.414 rad/s E 0
/ K- jle &
/ /, 3 ‘Z -10
" il 4 —10.1 rad/s -20 5 }
-5 L -1 0l t,v=| o ol bind v ive il 1 ED e
\J 0.01 003 0.1 03 i 3 10 30 100
%~--- 51 Angular frequency (rad/s)

14 Frequency domain methods [1, p 500]

In the section we develop methods of determining the system re-
sponse to more general input functions. We will describe inputs
as sums (or integrals) of many sinusoidal inputs and develop,
based on the principle of superposition (sum of inputs gives sum
of individual outputs), methods for finding system responses.

14.1 Fourier analysis of periodic waveforms
(Fourier Series)

A periodic function is one that satisfies f(t) = f(t + nT) Vn =
+1,£2,... where T is the period of the function. The funda-
mental frequency wo is defined as wg = 27 /T. Waveforms are
called harmonics of each other if their fundamental frequencies
(or periods) are an integer ratio (meaning the greater divided
by the smaller equals an integer).

The Fourier series is a description of a periodic function as
a weighted sum of harmonic sinusoidal components. The nth
harmonic component of the series can be written

fn(t) = an cos(nwot) + by sin(nwot) (173)
= A, sin(nwot + ¢n) (174)
where the conversions between each representation are
an = Ap sin ¢, and b, = A, cos ¢ (175)
a
Ap =14/a2 +b2 and ¢, = tanfli. (176)

The Fourier series representation of a function f(t) subject
to certain conditions [1, p 509] is

1 o0
ft) = 50 + Z [an cos(nwot) + by sin(nwot)] (177)
n=1
1 o0
= 500 + Z An sin(nwot + ¢n). (178)
n=1
A third, equivalent, complex representation is
>© .
fit)y =Y Fnelmot (179)
n—=-—oo
where
1
F, = 5((1" — jbn) (180)
1
F_, = 5((1" + jbn). (181)

So we have a representation of any periodic function as a
weighted sum of sinusoids. To determine the weights (coeffi-
cients), the following formulas can be used. For the real repre-
sentations,

9 rti+T

an = — f () cos(nwot)dt, (182)
T/,
9 rti+T

by = — f (@) sin(nwot)dt, (183)

Tt1

and ap can be computed separately from Equation (182). For
the complex representation,

1 t1+T

Fp=—
n Ttl

f(t)e~Inwotqs (184)

F_,, is the complex conjugate of Fj, and Fp can be computed
separately (with n = 0) from (184).

14.1.1 Properties of the Fourier series

See [1, p 509] for more, but a few properties are listed here.
e Linearity If the Fourier series components of two peri-
odic functions g(t) and h(t) with identical periods T' are
Gn and Hnp, then, if a new function f(t¢) is defined as a
linear combination of g(t) and h(t),

f(t) = ag(t) + bh(?), (185)
the Fourier components of f(t) are
Fy = aGyp + bH. (186)

¢ Even and Odd Functions If the function is even, then
all b, = 0. If a function is odd, then all a,, = 0. Note that
if a function would be odd if it was shifted up or down by
some DC value, assume a,, = 0, but shift the result by the

same shift (see next property).
e Interpretation of the zero-frequency (DC) term ag

or Fp This term is simply the average value of the func-
tion over a period. If a function is shifted up or down,
this is the only term in the series that is effected, and it
is shifted by the same average or DC value.

14.1.2 Line spectra

For a waveform decomposed into Fourier components, it is nat-
ural to describe the waveform as a line spectrum. This is most
commonly represented as a magnitude and phase plot versus
frequency, using (176) or simply the absolute values and phases
of the complex coefficients |Fy,| and ZFy,. For the complex case,
sometimes the “magnitude” plot is of the coefficient F, in front
of the exponential of F,, = F!'e®n where |F,,| = |F|.

The complex representation gives rise to a two-sided spec-
trum, meaning that negative n gives rise to negative frequency
components. The real representation gives a one-sided spec-
trum, for which only positive n and frequencies arise. For con-
version between one- and two-sided spectra, use (180) and (181).

To convert a two-sided magnitude line spectrum to a one one-
sided, the plot is merely “folded” over and doubles its posi-

tive half (since it is symmetric about the magnitude axis) or
An = 2|Fy|.

14.2 Response of linear systems to periodic
inputs
Given a system with frequency response H(jw) and an input

u(t) of the form of Equations (177) or (178), the output of each
component of the input is

yn(t) = |H(jnwo)|An sin[nwot + ¢n + ZH(Jnwo)].  (187)
By the principle of superposition,
y(t) =D yn(t). (188)
n=0

Given the same situation but with the input in the form of
Equation (179),

yn(t) = H(jnwo) Frel "0t (189)
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and, once again using superposition,

oo

Z yn(t)-

n=-—oo

y(t) = (190)

14.3 Fourier analysis of transient waveforms
(Fourier Transforms)

Some aperiodic (transient) functions, which do not have Fourier
series representations, can be described by a Fourier Transform
(also called the spectrum). These functions must be limited in
time, occur only once, and decay to zero as time becomes large.
A Fourier series of a periodic extension of the function is used in
the development of the periodic extension, then the interval be-
tween occurrences of the function taken to infinity, which gives
the Fourier transform.

The Fourier transform is defined by the following Fourier
transform pair:

Fjw) = /jo Flt)e I de (191)

ft) = %/_OQ F(jw)ed*tdw (192)

and can also be written in terms of the Fourier transform oper-
ator F,

F(jw) = F{f(®)}
f)=F HF(w)}

See [1, pp 528-31] for the properties of the Fourier trans-
form, including existence, linearity, even and odd functions,
time- shzftmg7 waveform energy7 and Fourier transforms of the
derivative of a function.

(193)
(194)

14.4 Fourier transform-based properties of
linear systems

14.4.1

The output spectrum is the input spectrum scaled by the fre-
quency response function:

Response of linear systems to aperiodic inputs

Y (jw) = H(jw)U(jw). (195)

This leads to the following procedure for finding the output of
a system due to an aperiodic input:

1. compute the Fourier transform of the input

Flu@®)},

2. form the output spectrum as the product

U(jw) =

Y (jw) = H(jw)U(jw), and

3. compute the inverse Fourier transform

y(t) = FH{Y (jw)}-

14.3

14.4.2 Relationship between H(jw) and h(t)

The Fourier transform (spectrum) of the impulse response h(t)
of a system is the frequency response function H (jw):

H(jw) = F{h(t)}
h(t) = F~H{H(jw)}.

This completely characterizes the system in the frequency or
time domain, respectively.
This has important implications for measuring a system fre-

quency response function H(jw). We can provide an impulse
input (strike it with a hammer at the input) and measure y(t)
at the output, then take the Fourier transform to obtain H(jw)
(or transfer function), with which we can predict the output of
a function to a variety of inputs.

(196)
(197)

14.4.3 Convolution

Convolution in the time domain (see Section 8.4), is simply mul-
tiplication in the frequency domain:

F@) x9(0)} = F(jw)G(jw)-

Conversely, convolution in the frequency domain, is a scaled
multiplication in the time domain:

FTHE(jw) * G(jw)} = 2mf()g(t).

(198)

(199)

14.4.4 Frequency response of interconnected systems

If two linear systems are connected in cascade (series), and pro-
vided the connection does not effect the output of the first sys-
tem, the overall frequency response is

H(jw) = Hy(jw) Ha(jw). (200)

If two linear systems are connected in parallel (share the
input and their outputs sum), the overall frequency response is
Hy (jw) + Ha(jw).

H(jw) = (201)

14.5 Laplace Transforms

Many functions do not have Fourier transforms, including the
unit step and ramp functions. The Laplace tmnsform is a gen-
eralized form of the Fourier transform that exists for a much
broader range of functions.

The Laplace transform multiplies by a weighting function

w(t) = e~ to drive the integral to zero. Now the one-side
transform (assuming f(¢) = 0 Vt < 0) pair is

o= [ 1
f()**/aﬂ

where s = 0 + jw. The region of convergence (ROC) of the in-
tegral in the s-plane is an important quantity for each Laplace

e~ Stdt (202)

YeStds (203)

Fourier analysis of transient waveforms (Fourier Transforms)

transform. If the imaginary axis is in the ROC, the Fourier
transform exists for that function. In operator form

LF()} = F(s)
LTHF(s)} = F(2).

See [?, p 545] or Appendix B for common Laplace transforms,
which are typically used in practice.

(204)
(205)

15 Approaches to problems
15.1

These are typically stated in one of the following ways

Specific mode excitation

1. “If there is no input and the initial condition vector is
x(0) =

as time gets large?”

[3 1 —6] , will the state vector approach zero

2. “If there is no input, find an initial condition vector such
that the state vector approaches zero as time gets large.”

3. “With initial condition vector x(0) = [3 1 76] (or

zero), choose a B matrix such that (or with a given B,
will) the state vector approach zero as time gets large.”

4. There may be some variation of these with outputs instead
of states.

5. There may be some variation of these with states or out-
put going to zero in a finite time.

15.1.1 Approaches

There are four main ideas at work here: modal decomposition,
stability, controllability, and observability. The main approach
here follows.

1. Find the eigenvalues of A. Typically at least one is un-
stable for these problems and they are distinct.

2. Find the eigenvectors of A.

3. Depending on what is required, fully or partially construct
the modal decomposition system with modal state variable

q.

4. An initial state in the modal state variable q(0) will not
excite the unstable mode if it has no component in the
direction of the unstable mode, since the homogeneous
response can be written as (103),

xp(t) = MePMa

= almleklt + agmgeAzt + ...+ oznmne)‘"t7

and the initial conditions being applied determine the val-
ues of a;, and o; = 0 will correspond to an eigenvector
that has no component in the initial condition:

x(0) = a1my + aomy + ... + apmy,.

The best way to think about it is this: we want «; cor-
responding to the unstable (j-th) eigenvector to be zero.
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Let’s simply solve for x(0) in terms of o, make the j-
component of o, the see what x(0) satisfies the equation.
We have

x(0) = Meq
= Ml
= Mo
=aimj) +a2mg + ... + apMp

So we choose a as anything with o; = 0 (any and all
unstable modes), then multiply by M to find x(0). Some-
thing interesting to note here is that

a=M"1x(0)
=M~"'Mq(0)
= q(0)

This shows the connection between the original and de-
coupled systems. The decoupled system has the identity
matrix as its eigenvectors (and are therefore orthogonal)

(206)

Note that the eigenvectors are not necessarily orthogonal
to each other (only if A = AT).

5. Controllability and observability criteria (especially 1) are
useful when there is a nonzero input or the output is of
interest. Specifically, in the modal decomposition state
model we can easily determine if a mode is being excited
by the input and if it is being observed in the output.
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A Impendance-based modeling

Notes on Generalized Impedances

by J. L. Garbini

Generalized impedances are an extension of the concept of electrical impedances to systems of other domains.
The table below lists the corresponding driving-point impedance definitions for five different energy modalities.

Mechanical Mechanical Electrical Fluid Thermal
Translational Rotational
Across Variable v, velocity @ angglar v, voltage p, pressure T, temperature
velocity
Through Variable £, force T, torque i current q, volumetric g, heat flow rate
’ ’ ’ flow
Impedance Z(s)
Admittance Z(s) = V) Z(s) = Q(s) Z(s) = V() Z(s) = D) Z(s) = I
Y = 1 E(s) I(s) 1(s) Qls) Qs)
Z(s)
mass, M: inertia, J: capacitor, C | fluid capacitor, C | thermal capacitor, C
S| AType il 1 1 1 1
% Ms Js Cs Cs Cs
o damper, B r. damper, B resistor, R fluid resistor, R thermal resistor, R
e D-Type 1 1 R R R
g -
b B B
g- spring, K r. spring, K, inductor, L fluid inductor, L
= | TType s s Ls Ls -
K K,
Series and parallel combinations of impedances and admittances can be combined. In the following V and F
represent the across and through variables respectively of any physical domain.
Series Combination Parallel Combination
Elements sharing a Elements sharing a common
common through variable 7 7 across variable are in parallel.
are in series. 1 2
v The admittance of elements > YtY,
The impedance of elements connected in parallel is the
connected in series is the sum of the individual
sum of the individual admittances.
impedances.
Zy=2,+2, 1. 2%
1 z+2,

Simple transfer functions can be determined from impedance/admittance properties.

Across Variable Divider

Through Variable Divider

The complex amplitude of
the across variable across a
set of elements in series is
divided among the
elements in proportion
their impedances.

- Vz(S) - Zz
VS(S) Z] + 22 + Z3

T(s)

The complex amplitude of
the through variable through
a set of elements in parallel is
divided among the elements
in proportion their
admittances.

Y,

E() ¥i+Y,+Ys
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Thevenin and Norton equivalent networks are useful deriving transfer functions and in modeling systems that

have a defined load impedance.

Measurement Loading

Across Variable Measurements

Thevenin’s Theorem Suppose that we wish to measure an across variable at the output of device [—® )
Ainear two-terminal network is equivalent to an a “device under test” with a “measurement instrument.” The under v, measurement
across variable source V, in series with an equivalent Linear —® measurement instrument is attached across the terminals of interest. test instrument
impedance Z,, where Network Of course we desired that the measured variable be undisturbed by
o the connection of the instrument. That is, we want V,, to be as
Z, = the impedance of the network with all sources set v nearly equal to V, as possible. We say that the measurement
equal to zero, and instrument should not “load” the device under test. measurement
. o instrument
V, = an across variable source equal to the across v 0 Linear v The output impedance of the device under test is the equivalent
‘ : ircui ‘ Network ‘ impedance defined by its Thevenin model Z, = Z, for the unloaded
variable that would appear across the open circuit e impedance 'e ined by its Thevenin model Z, . for the unloade:
terminals of the network. output terminals.
Similarly, the input impedance Z;of the measurement instrument is
the Thevenin equivalent impedance defined for its input terminals.
Norton’s Theorem
A linear two-terminal network is equivalent to a Connecting the Thevenin model for the device under test to the
through variable source F, in parallel with an equivalent Linear —® input impedance of the measurement instrument we have the
impedance Z,, where Network network at the right.
Z, = the impedance of the network with all sources set The Thevenin equivalent across Yarlable source is by de‘ﬁmtlon
equal to V,, the value that we wish to measure. Applying the across
equal to zero, and
Linear iable divid le: Vin(s) _ 1
) r ¢ r variable divider rule: = .
F, = a through variable source equal to the through e Network e Vo(s) 1+Z,/Z;

variable that would flow through the short
circuited terminals of the network.

Source Transformations

Since we desire that the ratio approach unity, the input impedance
of the measurement instrument must be large in comparison with
the output impedance of the device under test: Z; >>Z,

Since any linear two-terminal networks can be
represented by either a Thevenin equivalent or a
Norton equivalent, the two representations must be
equivalent to each other.

Through Variable Measurements

Alternately, suppose that we wish to measure a through variable in
a device under test with a measurement instrument. In this case, the
variable of interest flows through the measurement instrument. We
desired that the measured variable be undisturbed by the connection
of the instrument. That is, we want F,, to be as nearly equal to E, as
possible.

The output admittance of the device under test is the equivalent
admittance defined by its Norton’s model Y, =1/Z, for the
unloaded output terminals.

Similarly, the input admittance Y;of the measurement instrument is
the Norton equivalent admittance defined for its input terminals.

F,

device
measurement
under F, Y|
instrument
test

device N
measurement
under .
instrument
test
Y,

0

Connecting the Norton model for the device under test to the input
admittance of the measurement instrument we have the network at
the right.

The Norton equivalent through variable source is by definition equal
to F,, the value that we wish to measure. Applying the through
Eul) o 1

variable divider rule: =
() 1+Y,/Y;

Since we desire that the ratio approach unity, the input admittance
of the measurement instrument must be large in comparison with
the output admittance of the device under test: Y; >>Y,
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B Laplace transforms

B.1

Laplace transform properties

Formula Name, Comments Sec. -
F(s) = 2{f(»} = f e~Stf (1) dt Definition of Transform
o 6.1
@ = L7YF(s)) Inverse Transform
Llaf@t) + bg(t)} = aL{f(OY + bL{g(t)} Linearity 6.1
£{e“f() = F(s — a) s-Shifting 61
2—1( F(s — a)} = e°f(0) (First Shifting Theorem) .
L(f') = sL(f) — £(0)
L") = 2L — sf©) — f'(©0) Differentiation
of Function
PE™ = s"L(f) — smVFO0) — - - - 6.2
o o) @ e f(n—l)(o)
¥ 1
£ { f f(n d‘r} = — 2(f) Integration of Function
0 5
t
(¢ * )0 = [ fgte — Dar
0
t
= J’ f@ — ng(ndr Convolution 6.5
0
2(f * &) = L(f)<L(g)

L{f(t — a) ut — a)} = e~ *F(s) +-Shifting 3
g—l{e—asF(s)} = f(t — a) u(t — a) (Second Shlftmg Theorem) 6.
L{fD) = —F'(s) Differentiation of Transform

20 6.6
4 {@] = f F(5)ds Integration of Transform
1 » 6.4
L) = — f e~Stf (1) dt f Periodic with Period p Project
ek Al 16
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B.2 Laplace transform pairs

B.2

F(s) = 2{ 1) @ Sec.
1| Us 1 l
2 | Us? t
3 1/s™ n=12--) " Yn - 1)! 6.1
4 | UVs 1Vt '
5 1/s32 2Vitlm
6 /s  (@>0) 12~YT(a) ]
7 1 ‘at )
s—a
1 at
8 c-ap te o
1 1 n—1,at '
9| Goap @=L2) T e
1 | S
> —
0| c—oF ®>0 el J
; at __ bt
11 C-a6-b (a # b) @-b (e e’)
s 1 at _ b
12 c=ac-b (a # b) @a-5 (ae be®)
1 1 . )
13 Tt o 5 50 wt
14 2 : pr cos wt
1
15 2 1 g 2 sinh at
6.1
16 2 i p cosh at
17 —(s — a)lz vy % €% sin wt
_s—a at
18 C-aft o €% cos wt J
1 1 ]
19 W F (1 — cos wi)
6.2
1 1 . .
20 m > (wt — sin w?)
21 m ﬁ (sin wt — wt cos wt) 6.6

F(s) = 2(f()) @ Sec.
s t .
22 ——-—(:z + PP 2 S0 wt
” 52 1 " t 6.6
% + PP 20 (sin wt + wt cos wt)
S ey | 1 _
24 G+ 62 + b (@* # b%) b — o (cos at — cos bf)
1 1 X900 e Teos
25 pryrarry Ik—,(smlacowa—coshsmhla)
s | P
26 &+ 4Kt W sin kt sinh kt
1 1. .
27 T % (sinh kt — sin kf)
s 1
28 Ty U (cosh kt — cos kt)
1
29| Vs—a—-Vs—b (e — &%)
2Vad
; —(a+b)t/2 a—b
30- Vs+aVs+b € o 2 ! 58
1
31 Jo(at) 55
Ve +a °
s 1 .
(1 +
32 - a2 = e*(1 + 2ar)
1 Vo [t Y12
> — | =— X
B| Foap *>0 ® (u) Fi—1yo(at) 56
34| s u(t — a) 63
35| % 8¢t — a) 6.4
1 .
36| S Jo2Vi) 55
37 L s 1 cos 2Vkt
—F €
Vs Vi
1 1
38 | e inh 2Vt
s Vk *
; k
9| ' k>0 LI
2Vn®
1
4| —ns —Int—y (y=05772) 56
s —a l bt _
41 P p (et — &%)
2
42 2 :202 % (1 — cos wi) 6.6
2 _ 2
43| m3 32“ %(1 — cosh at)
) 1 .
44 arctan — — sin wt
s t
— i App.
45 5 arccot s Si(0) “h

Laplace transform pairs
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C Fourier transforms

C.1 Fourier transform properties

The functions are periodic with period T, a > 0; and b, t,, and w, = 27/T

are real constants with n=1,2, ... .

£(t)

F (w)

a £, (t) + a, f, (t)
f(at)
f(—t)

£(t —t,)

f(t)ei“t

£(t) cos wyt

f(t) sinwyt

fo ()= = LE(t) + £(=0)]

N[

fo (t) = = [f(t) —f(=1)]

N =

£(8) = £ (O + fo (1)
F(t)
()
f®(¢)

t

f f(x)dx

—jtf(t)

(=i £(8)

nm*fz(z):f‘f,<x>fz<z7x>dx

a, F(0) + a, F, (w)

Lp<r_u)

o s
F(-w)

F (w) e 1%%

F(w —o,)
% F (0 — w,) +% F(w + w,)
1 1
2 F(w—w,) ——— F (0 + w,)
2] (6] Do 2} ) o

R (w)

jX((u)

F(®) = R(w) + jX (w)

2nf(—w)
joF (w)

(jo)" F (w)

L F(w) + 7F (0)8(w)

jo
F'(w)

F(ﬂ) (w)

F,(0)F, ()

C.2 Fourier transform pairs

f(t)

F ()

£(6) ()

e tu(t)

11
—ajt|

e

—at

1 for [tj<a’2
P, (t):{
0 for [t/ >a/2

sin at
wt

te= 2 u(t)

! ¢
— e @ u(t)

(n -1

e ?'sinbtu(t)

e~ cos btu(t)

a’ ¢ t?

cos bt
a4 t?

sin bt
a*+ b?

5(1)
S5(t—1t,)
3°(t)

S (l)
u(t)

u(t —t,)

1

LF,((U)*FZ((:))—* LJ\ F (y)F,(0 —y)dy
27 27 | .

1

jo + a

(jo + a)?

—

(jo + a)™
b
(jo + a)* + b?

jo +a
(jw + a)* + b?

o9t
jo
(jo)"

76 (w) + L
jo

78 (w) + L e=i%t
Jo

276 (w)
275 8" (w)
27" 8™ (w)
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f(t) F (w)
el%ot 278 (@ — w,)
COS Wt 7[8(w — wy) + 8 (@ + w,)]
sin w,t _jr[8(w — w,) — 8(w + w,)]

sin wyt u(t)
cos wyt u(t)
t u(t)
1
t

1

tn

sgn t

Sr(t) = Z 8(t —nT)

n=—oo

Other properties:

Do T [8(w - wp) — 8w+ @)l
W} —o® 2

2

jo + T B (w—wy) + 6w+ wp)]
0 — 2

jm 8 (@) - L
[0}

7j—27j ulw)
((;](j);)_‘l [7j 27 u(w)]
2
jw

w00, () = w, Z 8(w — nw,)

n=—o0

Periodic input response

System Response to Periodic Inputs

f f,(t)f,(t)dr:lj F,(0) F} () do,
2n)

—o0

oo

j ;m)fdt:l—f |F ()| do,
) 27)

— oo

fm f(x) G(x)dx :J. F (x) g (x) dx.

— o0 —o0

Input wO:%I_—T[ = Fundamental Frequency R
Magnitude, —
An W l w [ } w T T 1
0| oy 2 30 4% 50 6 7o 8 9oy w Line Spectrum
— of
Input Input
Phase, [ [ [ [ [
n 0 w
[ 1
System A
Magnitude,
IH(wI
0 w Frequency
Response
System Y
System
Phase, O @ g
OH(jw)
Output A
Magnitude,
AnlH(Gna) | l S
0| o 2w, 3w, 4w, 5w, 6wy 7w, 8w, 9w, w Line Spectrum
— of
Output [ Output
Phase, 0 : I | | )
¢y + OH(inwg) ‘
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