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rldesign.PD Proportional-derivaave (PD) controller design

Thus Sar, our designs have been restricted to
closed.-Loop pole Locagions on the original root
locus. We could add integral or lag
compensation Sor steady-state error
perjormance and vary the gain Sor transient
response perjormance. But what iy we desire
closed.-loop poles py 5 to be in a Llocation that
the root Locus does not intersect?

Among many possible methods to address this, we
pursue the Sollowing: a derivaave compensator
with Zero Location Z¢ chosen such that the root
locus intersects py 5, with Sorm

K(S - Zc).

where K € R is a gain. This compensator is
called “derivative” because its primary eSfect
on the overall controller’s operation on the
error e (s a. new jactor of s, yielding a scaling
0§ the term st(s) = é(t).

The eSject of this Zzero is to pull the Locus
toward it. Consider the simple plant of

Fig. PD.1. Suppose we would Like to speed up the
closed.-Loop response, but cannot because, no
matter how much gain we use, the settling time is
Sixed by the vertical asymptotes. 15 we use o
compensator Zero at Z¢, we can pull the Locus
leStward, as shown in Fig. PD.2. Varying z¢ Srom
-00 to 0, we see that any location le§t 0§ -2 can
be intersected. In Sact, ij we consider both
positive and negative gains Sor this exarple,
we can place a desired closed.-loop pole at

any location in the complex plane!

derivave compensator

Figure PD.1: root Locus Sor a simple plant with two poles.
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Figure PD.2: root locus (blue) Sor plant with poles (red) compensated with o zero (green) at z.. Note that
varying Zc ylelds root loci that can intersect any point in the complex plane i§ negative gains are considered.
An animation corresponding to this §igure can be Sound at https://youtu.be/VZbT_2bT2xU.

A way to approach designing a controller Sor a
plant G with o derivative compensator C is to
consider the compensator zero's effect on the
phase criterion, which must always be satis§ied
at points on the root Locus:

/(Cls)Cls)) =

In order Sor a desired point s =1 to be on the
root Locus, then

Let this angle Z(Y - z¢), called the compensator
angle, be given the symbol

0c = £l - =¢).
Then
Zc = RelY) - Im(p)/ tan b (8¢ e [-m, 7)),

where we have limited the application of this
result to 0¢ € [-7t, ] because a single Zero can
contribute angles in this interval only.*> This
result is to be used in the design procedure
that jollows. 1t can be understood
geometrically as the position of z¢ such that
the angle of the vector with tail at z¢ and
head at ) is Oc.

3. The 27t modulo in these expressions is suppressed Sor clarity.

compensator angle

4. See Lec. rldesignmultd 5or how to handle required angle
compensations beyond 7.

3. Note that 0. € [-71,0) is possible only whenIm1p <0 and 6. € (0,7lis
possible only when Im1 > 0.


https://youtu.be/VZbT_2bT2xU
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Design procedure

The Sollowing procedure provides a
starting-point Sor proportional-derivative
controller design. Let's assume the transient
response specification is such that we desire a
closed.-loop pole to be Located at s =1p.

1. Design a proportional controller to meet
transient response requirements by
choosing the gain K; Sor the dominant
closed.-Loop poles to be as close as
possible to 1.

2. Include a cascade derivative
compensator of the orm

KQ(S - Zc)

where, initially, Ky =1 and z¢ is a real
Zero that satis§ies £g. 4. For convenience,
we repeat the two key jormulas:
0c = - ZGlp) and
Zc = Re[Yp) - Im()/ tanBe  (0¢ € [-m, 7))
3. Use a new root Locus to tune the gain Ky
such that a closed-loop pole is at .

4. Construct the closed.-Loop trans§er
Sunction with the controller

Klka(s - ZC).
5. Simulate the time response to see (§ it
meets specifications. Tune.
A design example

Let a system have plant transfer Sunction

1
(s + s+ b)(s + 11)

Design a PD controller such that the

closed.-Loop settling time is about 0.3 seconds
and the overshoot is about 13%.
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Determining V¥

We use Matlab §or the dengn."’ First we must (a;\esszeu:éceoptc.one/controt/sourcelpd,contr‘ouer,deSLgn,exampLa.m Sor
determine what the specified transient response

criteria tmply Sor the locations of our

closed.-Loop poles. Let one of these desired

pole Locations be called V. The transient

response perjormance criteria are as jollows.

Ts = .8; / sec ... spec settling time
0s

15; J percent ... spec overshoot

The second.-order approximation §rom

Chapter trans tells us that the settling time
speci§icagion implies a speci§ic Re(l) and the
overshoot a speci§ic angle Z1. The real part is

Sound. §rom the expressions

Ts = and Rely) = -Cwn =
Cwn
Relup) = Ti

The angle is jound via the equations

-ln(%05/100)

(= .
\/Tta + ln?(%05/100)

i
|

N
19

tan(LP) = and  tanlZP) = - Im(p)/ Rel).

A remarkobly simple expression results:

1-¢2
¢

T
ln(100/%09)

Im() = -Reltp)
Im{) = -Reltp)



http://ricopic.one/control/source/pd_controller_design_example.m
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S0, in the §inal analysis, the desired pole
location 1 (assuming the second.-order

approximation is valid] is given by the expression

4 ) T
w'W}<LJmMmmoa>'

This Sormula holds beyond the scope of this

problem. We define it as an anonymous Sunction.

psi_fun = @(Ts,p0S) -4/Ts*(1-1j*pi/log(100/p0S));
psi = psi_fun(Ts,08);
disp(sprintf('psi = %0.3g + j %0.3g',real(psi),imag(psfi)))

|psi = -5+ j 8.28

P control

We design a proportional controller that gets
us as close as possible to V. The root Locus is
shown in Figure PD3.

G = zpk([1,[-2,-6,-111,1);
figure

rlocus(G)

Although we cannot get close to 1 on the root
locus, we can at least meet our %03
specification by choosing a. gain o5 about

Ky = 240.

Let's construct the compensator and
corresponding closed.-loop transfer junction Gp
Sor gain control.
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Figure PD.3: root Locus without compensation.

K1 = 240;
G_P = feedback(K1*G,1);

Derivaave compensaton

Now, we use cascade derivagve compensagion

with compensator
KQ(S - Zc).

For now, we set K5 = 1. From Equation 4, we
compute the compensator zero

Zc = Relp) - [Im(p)|/ tanbc  and  0c = - ZChp).

theta_c = pi - angle(evalfr(G,psi));
z_c = real(psi) - abs(imag(psi))/tan(theta_c);
disp(sprintf('theta_c = %0.3g deg',rad2deg(theta_c)))

disp(sprintf('z_c = %0.3g',z_c))

‘theta_c =
-8.5

67.1 deg

‘z_c =

Let's construct the compensator sans tuned
gain Ky and tune it up using another root Locus.
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Figure PD.4: root Locus with compensation.

C_sans = zpk(z_c,[1,1);

figure

rlocus (K1*C_sans*G)

The resulting root Locus of Figure PD.4
intersects P! (I mean, we knew it would, but we
had our doubts) The corresponding gain is, 5rom
Equation 2 (or we could use the data cursor),

1

"2 =l

Let’s compute it, the controller Cpp, and the
closed.-Loop transjer junction Gpp.

K2 = 1/abs(evalfr(K1*C_sans*G,psi));
C = K1*K2*C_sans;

G_PD = feedback(C*G,1);

Simulate

Our placement of the ¥ depended on the
second.-order approximation’s accuracy, which in
this case is questionable, due to the proximity
of o third closed.-loop pole. In any case, we
simuloate the step response to test the efficacy
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time (s)

Figure PD.5: step responses Sor proportional and
proportional-derivative controllers.

0§ the PD controller design and to compare it
with the P controller.

t_a = linspace(0,2.5,200); % s ... sim time
y_P = step(G_P,t_a); / P controlled step response

y_PD = step(G_PD,t_a); / PD controlled step response

figure

plot(t_a,y_P);

hold on;

plot(t_a,y_PD);
xlabel('time (s)');
ylabel('step response');
grid on

legend('P control','PD control','location','southeast'

The responses, shown in Figure PLag3, suggest the
PD controller is at least close to meeting the
transient speci§ications. 1t is a happy accident
that the steady-state error also improved;
derivative compensation does not always do
this. Let's use stepinfo to compute more
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accurate transient response characteristics of
the PD-controlled system.

si_PD = stepinfo(y_PD,t_a);
disp(sprintf('settling time: 70.3g',si_PD.SettlingTime{))
disp(sprintf('percent overshoot: %0.3g',si_PD.0Overshoot))

‘settling time: 0.82

‘percent overshoot: 16.2

This s quite close to the speci§icagon. 1§
desired, the gain Ky and the zero location Z¢
could be tuned, iteragvely.



