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The second.-order assumption

As inroot locus design, our transient response
charocteristics—such as percent overshoot
%03, settling time Ts, and peak time Tp—can be
related exactly to second-order response
characteristics ¢ and wn, which have their own
interpretations in the Srequency domain and are
related to key jeatures of the Bode plot. This
oSten gets us close enough that small iterations
on the initial design can achieve the desired

Transient response.

The second.-order approximagion assumes an
open-loop transSer junction of the jorm
2
w
Gls)= —2
) sls + 2Cwn)
which yields a closed.-loop trans§er Sunction

wi

s+ 2Wns + w?’

which has a Samiliar Srequency response.

Bandwidth

The term bandwid.th appears in many contexts,
but in control theory when using the
second.-order assurption it has a very specific
definition.

Definition §req.l: bandwidth

et a system have a trans§er Sunction Cls)
and Srequency response Sunction Gljw). The
bandwidth wg, o the system is the angular
Srequency at which |Gljw)| is 3dB Lless than
|G(jO)-

bandwidth
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Closed.-Loop percent overshoot §rom the
closed.-loop band.width

1t is straightSorward to show that the
bandwidth of the second.-order closed.-loop
transSer o £g. 2 is related to its natural
Sreq,uencg wn and darmping rago ¢ by the

expression

Wy = W ((1 -263) + (4¢t- 4¢3+ 2) 1@)1/3

So 5 a system behaves approximately Like this
second.-order system, £4. 3 relates the
closed.-loop §requency response characteristic
wpyy and the closed.-Loop time response
characteristics wn and ¢ This is a big step, but
we ojten design the speed of response in terms
0§ settling time Ts, peak time TP, and rise time Tp.
We already have relationships Sor these
guantities and wn and ¢, the consequences of
two of which when applied to £4. 3 are shown
below:

Wy = TA:C ((1 -2c?) + (4t -4t +2) 1@) "

Wy = TP\/% <(1 - QCQ) ‘ (454 e +Q)1/a>1/a.

Furthermore, it can be shown that, when it
exists (which it does Sor 0 < ¢ < 1/V2), the peak
magnitud.e M, = max [Hjwl| is

1
My= ———.
P/l
O5 course, percent overshoot %09 is directly
related to ¢ by the equations

peak magnitude

%05 = 100 exp% . .__lnOS/100]
Vi@ \/n? + Ln(205/100)

so M, can be directly related to %03.
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Closed.-Loop percent overshoot and
damping ratio §rom the open-loop phase
margin

From closed.-Lloop considerations of the
Sreguency response, we have learned to
determine some closed.-Loop time response
characteristics. Now we learn to determine one
0§ these characteristics—percent overshoot

%0S-5rom open-loop Srequency response.

From the transjer Sunction o§ £g. 1, it is
straightjorward to relate the phase margin @y
0§ the open-loop transjer Sunction to the
damping ratio ¢ via the expressions

]
®dn = arctan & =

-2+ V14
tan (Dm
AL+ tand oy)/4

As we know §rom £g. b, percent overshoot %03
is directly related to ¢ so @y can be directly
related to %09, as shown in Fig. jregtimel.

Closed.-Loop settling and peak times §rom
the open-loop §requency response

We introduced the concept o bandwidth in
above and related the closed-loop bandwidth

wyg), to settling time Ts and peak time T, inCg. 4.

There is a. method., which we present but leave
underived, that allows us to §ind the
closed-loop bandwidth of many systems jrom
the open-loop Srequency response, allowing us
to relate the open-loop Srequency response to
Ts and TP. The method is based on the
Sollowing insight: the closed-loop band.width
is approximately equal to the Srequency at
which the magnitude of the open-loop
Sreguency response is in the interval [-b,-7.51dB

percent overshoot
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Figure Sreqtime.l: percent overshoot %03 versus phase
margin Op.
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L5 the phase of the open-loop Srequency
response is in the interval [-135,-225] deg.

This gives us a method to approximate
closed-loop Ts and T, by inspecting the
open-loop Srequency response. Here's the method.:

1. estimate the closed-loop bandwidth wg,
by §inding the Srequency at which the
magnitude of the open-loop Srequency
response s in the interval [-6,-7.3]dB;

Q. verijy that open-loop phase at wy, is in
the interval [-135,-2235] deg;

3. determine { via the phase margin (Eg. 7,
Fig. Sregtime.); and

4. estimoate Tg and TP via E£g. 4.

damping ratio
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Figure Sreqtime.2: darmping ragio ¢ versus phase margin
Dp.



