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03.7 ss.ss2tf2io Bridge between
state-space and io
differential equations

1 The Laplace transform £ is cool af. It is used to solve differential
equations and define the transfer function H: you know, just another
awesome dynamic system representation. For now, we’ll use it as a bridge
between state-space and input/output differential equation representations,
merely waving at transfer functions as we pass through. Later, transfer
functions will be considered extensively.

Transfer functions

2 Leta system have an input u and an output y. Let the Laplace transform
of each be denoted U and Y, both functions of complex Laplace transform
variable s. A transfer function H is defined as the ratio of the Laplace
transform of the output over the input:

3 The transfer function is exceedingly useful in many types of analysis.
One of its most powerful aspects is that it gives us access to thinking about
systems as operating on an input u and yielding an output y.

Bridging transfer functions and io differential equations

4 Consider a dynamic system described by the input-output differential
equation—with variable y representing the output, dependent variable time t,
variable u representing the input, constant coefficients a;, bj, order n, and

m < n forn € Np—as:

dny dn71y dy

dtinJr (1-,171W+"'+(1]a+(10y:

d™u dmTu du
bmidtm +bm,17dtm71 +"'+b1a+bou.
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5 The Laplace transform £ of Eq. 2 yields something interesting (assuming

zero initial conditions):

dny dnfLU dy
‘(w* Gnotgge Tt Qg tdoy )=
d™u dm—Tu du
L <bm dtm + bm—1 dtm—1 ot by dt + b()u) =

d™y dnfly dy _
L(dtn>+ an]L(d‘tn] ++G]L a +(10L(y)_

am am-T d
bl <u> +bm_ 14 <u> +o b8 (“) +bol(u) =

dtm dtm-1 dt
s"Y + an_1s™ Y 44 arsY+agY =
bms™U + bogs™ U+ -+ bysU + boU.
Solving forY,

The inverse Laplace transform £~ of Y is the forced response. However,
this is not our primary concern; rather, we are interested to solve for the
transfer function H as the ratio of the output transform Y to the input

transform U, i.e.

B bmsm-i-bm_1smi1 +---4+bis+ Dby
s tap s+t aistag

6 Exactly the reverse procedure, then, can be used to convert a given
transfer function to an input-output differential equation.
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Example 03.7 ss.ss2tf2io-1 re: A
The circuit shown has input-output . C circuit
differential equation transfer

function
d?vp | dvp |1 d?V;
R—+ zvp =L——=~.
Moz TRa tevr = hae Vs )
What is the transfer function from V;
to V[_? —

Bridging transfer functions and state-space models

7 Given a system in the standard form of a state equation,
dx

— = Ax+ Bu

dt Rl

we take the Laplace transform to yield, assuming zero initial conditions,

which can be solved for the state:

(5)

where I is the identity matrix with the same dimension as that of A. The
standard form of the output equation yields the output solution

Y = HU,

where we define the matrix transfer function H to be
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The element Hy; is a transfer function from the jth input U; to the ith output
Yi.

8 The reverse procedure of deriving a state-space model from a transfer
function is what is called a state-space realization, which is not a unique
operation (there are different realizations for a single transfer function) and

is not considered here.

Example 03.7 ss.ss2tf2io-2 re:
Given the linear state-space model Matrix
transfer

3 4 1 .

% = l ]x+l]u function
-1 1 0 from
l] 0 0 state-

Y= X + u,
01 0 space

* derive the matrix transfer function.
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Example 03.7 ss.ss2tf2io-3 re:
" For the following state-space model, derived in Example 03.4 ss.nt2ss-1, stafe-
derive the io differential equations for each output variable: space
] to io
dx li_]C 2 1 x4 |\R1]_C‘| u differential
dt [1/L —Ry/L 0 equations
0 1 0
y=|-1/Ry 0 |x+ |1/R;|w
0 R, 0

The output variables are i, Is, and vg,.
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